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Parabolic problem
Initial-boundary value problem for heat equation
(Q C R?2, 92 smooth),

u—Au=0 in<2, wu=0 onoL2, fort>DO0,
u(-,0) =v in Q.

FEM: Triangulation 7;, = {7} of 2, h = maxg, diam(r),
S, =1{x €C(QQ) : x linear on each 1 €73, x =0 on 9Q}.

Spatially semidiscrete problem, (v,w) = /Q vw dx:

(uh,t7X) + (vuha VX) =0, Vx € Sh7 t >0, ’LLh(O) — Up-



Discrete Laplacian: Ay : S;, — Sy, negative definite:
One may write the semidiscrete problem

Up ¢ — Apup, =0, fort>0, with u,(0) = vy.
Solution operator uy(t) = Ej(t)v;, = eShtuy,.

With {A;,®;} eigensystem of —Ay:  up(t) =3 e_/\jt(vh,CDj).

Parseval’s identity implies Stability:

1/2
Jun(]l = 1E@vll < llonll, where [lw] = wln, = ( [ lwfde) ",

and Smoothing property:
|Apup O = 1ARELvpll = 1B, (Dvgll < Ct Hwgll,  for ¢ > 0.
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Spatially semidiscrete parabolic problem
up — Dpup, =0, fort>0, with uy(0) = vy,
Solution operator uy(t) = Ej(t)v), = ePnt :
1ER()vpll + I EL(Ovpll < Cllugll,  for ¢ > 0.
Smooth and nonsmooth data error estimates: with v; suitable:

(Ch2||v|| 2, ifv=0 on 8%,
Jup(t) —u(@)| < 9

2:—1
(Ch2t o)

Also uses elliptic error estimate ||Ryv —v|| < Ch2||v||H2 where

Ritz projection Ry, : H3 — Si: (VRyv,Vx) = (Vv,Vx), Vx € Sp.
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Maximum-norm estimates. Continuous problem
uy—ADAu=0 InQ, u=0 ono, fort>0, u(-,0)=wv in Q.
Solution operator E(t) : u(t) = E(t)v = ePty.

Maximume-principle implies ||E(t)v]||c < ||vlle = supzeq |v(z)| .

Analytic semigroup on Co(2) = {v € C(2) : v =10 on 9Q}:
C
14-|A|
where § € (O,%w) is arbitrary (Stewart 1974).

|lv|lc, for A& Zs={\: |arg)\| <},

IO+ A) Lol <

Implies Smoothing estimate:

C _
IE'@vllc < —llvlle,  for t>0, ve Co(€2).



Semidiscrete parabolic problem

Up ¢t — Aypup, =0, fort>0, with uh(O) = Vp,.

Solution operator Ej(t) : up(t) = Ep,(t)vy, = ePht,
No maximum-principle, E;(t) not a contraction in ||-||¢c. Stability?

Theorem (Schatz, Thomée and Wahlbin -80).
Assume T;, quasiuniform. Then, with ¢;, = max(1,log(1/h)),

| En(t)vnllec < Clpllvglle,  fort >0,

and

|ALEL,B)vplle = |1EL,Bvplle < CtHplluplle,  for t > 0.



Theorem. Assume 7;, quasiuniform. Then

| Er(Dvpllc < Clyllvplle-

Sketch of proof: We want to show

|Ep(O)vp(z)| < Clylloplle, V€ 2.
Discrete delta-function: &7 € S,

(O x) = x(z), Vx € Sy,
Discrete fundamental solution: T (t) = Ep(t)d7.
One notes  Ep(t)vp(z) = (M5 (t),vp), SO
|ER(O)vp(@)| < ITRE L, lvnlle-
Thus show:
TR L, < Cly.



Theorem. Assume 7, quasiuniform. Then

| Er(Dvpllc < Clyllvglle-

We need to show, for I3 (t) = E(t)67,

TR L, < Oy,

Modified distance function p¥(y) = (|z — y|? + h2)1/2.
Then, with T =T7%(t), p = p7:

1/2

Tz, <l e @1 < e, [lpr @I, - =11z,

SO we need

lor ()| < cey/?,



Show lor ()| < cer/?

We have
Consider
zdtllpl’ll2 + oV |2 = (T, p2T) + (Y, V(p21)) — 2(VI, pVpT)

= (I, p°T — x) + (VI,V(p?T —x)) — 2(pVI,Vpl)
=1 + 1>+ I3.

Choose x = P,(p2l). Then I; = 0. Use an inverse estimate and
superapproximation to obtain

1|+ || < CUITII2 + I VT < SpVT|I2 4 O |12



1/2

Show T (1) < Cce'?.

By above,

d
AT I+ [p9 T2 < |2,

Hence

t t
Ipr®IP + [ 19T ds < [lpof|2 +C [ |IF|ds.

Here ||pé6%|| < C and, by energy arguments,

T 1wy (12
L I1Pds < 1(=2) "6k @)I2 < Cty,

This shows the desired estimate for ||pl (¢)]|.



Initial-value problem in Banach space 5.

ur+Au =0 fort¢t >0, with «(0)=w.
Solution operator E(t) = e—4t, semigroup.

Ex. A=A, B=Co(2), or A=A, B=25;, with ||-]| = |- [lc.

Theorem. Assume E(t) = e~ 4t semigroup in B, |E(¢)v| < C||v]|.
Then the following conditions are equivalent:

(i) With K > 0,

IE@) +¢tIE'(D)| < K, fort>0.
(i) With § € (0,5m), M >0
IO7 =) < 5 VAEES
(iii) E(t) is analytic in a sector around R .
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Theorem. Assume, with § € (0,47), M > 0,

_ M
IO —A)7Y < i VAgE s

Then, with T = 98X, B € (6,5m), say,
1
E(t) = —/ e~ NN — A)~LdA
2w JI
defines a bounded semigroup in B, and for some K > 0,
IE@) +tIE' (D) < K fort>0.

E(t) is analytic in a sector around R, .

Such a semigroup is called an analytic semigroup.
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A

P (A)
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Homogeneous semidiscrete parabolic equation
upt — Dpup, =0, fort>0, wup(0) =uvy,.
Solution uy(t) = E},(t)vy, = e®ht. Recall:

Theorem. Assume 1;, quasiuniform. Then

IEL(&)vplle + tIEL,Bvplle < Clyllvplle,  fort > 0.

By semigroup theory this implies a resolvent estimate:
1 Ce? ) 5
[AM+AR) " vplle £ —Hllvplle, YA€ X5,  whered, = 5m—cl) <.

Al

This in turn implies stability and smoothing estimates:

|EL(Hvplle < Clilog byllvplle and t|EL(E)vglle < CExllvnllc.

Weaker than the abovel
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Theorem (Schatz, Thomée and Wahlbin -98).
Assume 1, quasiuniform. Then

IEL(®vnlle + tIER(Ovplle < Clloplle,  fort > 0.

No factor ¢!

By semigroup theory: There exists o € (0,Z) such that

C
vplle, YV A& 2.
Ceivle Vg,

Theorem (Bakaev, Thomée and Wahlbin -01).
Assume T, quasiuniform. Then, for ANY ¢ € (O,g ,

C
1+ [N

IO 4+ Ap) Loyl <

IO+ Ap) " toplle <

lvnlle, YV A€ Zop.

By semigroup theory: new proof of (*).
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Nonquasiuniform triangulations 7;,.

Lumped Mass Method: Quadrature

3
($0n = X Qra(¥x),  where Q. (f) = Sarea(r) 3. f(Pry) ~ [ fdo.

TETy j=1
Modified semidiscrete problem
(up,X)n + (Vup, Vx) =0, for t >0, up(0) = vy,
Solution operator Ej(t) = eAnt where

_(Zh¢7X)h — (V@D, vX)a V%X S Sh'

Lumped mass: Replace mass matrix (mjk) by diagonal matrix
(M) with diagonal elements m;; = >, mjp.
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Delaunay triangulation: a4+ 08 <«
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Theorem (Fujii -73). Assume 7, is of Delaunay type. Then a
maximum-principle holds and

|ER(Wvplle < luplle, fort > 0.
This contraction semigroup is, in fact, an analytic semigroup.

Theorem (Crouzeix, Thomée -01). We have

ce/?
1+ [Al

1/2

IO 4+ Ap) " oplle < lonlle, A€ X, o0 =75 —ct

For proof, first use energy arguments to show the corresponding
estimate in discrete L, norm, for any p < oo.

It follows that
IEL(®)vplle < Clyt™Yvplle,  for t > 0.
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Nonquasiuniform triangulations 7;,. Standard FEM.
P, : Lo — Sy Lo-projection onto Sy: (Pyv,x) = (v,x), Vx €Sy,

Crouzeix, Thomee -87: For g € Tj, let Q;(mg) denote the set of
triangles which are “j triangles away from "

Lemma. Assume that supp(v) C 9. Then

1Pyl () € CANvllL,,  for T € Qj(rg), where v = 0.318.

Let n;(mg) = # triangles in Q;(79).
Assume, for some o> 1,8>1 (if « > 1 we can choose 8 = a4),

hr/hry < Caj, nj(T) < C’ﬁj, for T € Qj(To), V10 € 7},

Theorem. If afy < 1, then ||Pyv|lc < C|lv||c.
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Lemma. Assume that supp(v) C 9. Then

1Pyl g,y < CNI0llL,,  for T € Qj(r0), where vy =0.318.

Assume, fora>1, 8> 1,

hr/hry < Cao, n;(7) < cpl, forre Qj(10), V710 € Tj,.

Theorem (Bakaev, Crouzeix, Thomée -06).
If By < 1, then, for any § € (0,%),

1/2

1+|/\|

IO 4+ Ap) Loy lle < lvnlle, VA € Zs.

With v = 0.318, 8 = a%, a?8vy < 1 holds if a < 1.21.

This permits seriously nonquasiuniform 7;. Proof by energy ar-
guments similar to earlier, and uses the exponential decay lemma.
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Time stepping, fully discrete schemes

Spatially semidiscre problem. Find uy(t) € Sy:

(upt,x) + (Vup, Vx) =0, Vx €Sy, t>0, with u,(0) = vy
Let k = time step, t, = nk, U" =~ u(ty), U™ = (U™ — U™ 1) /k.
Backward Euler: Find U™ € Sj, with U9 = vy,:

U™, x) + (VU™ Vx) =0, Vx€S, n>1.
Crank-Nicolson: with U" = (U™ 4+ U""1)/2,

U™ x) + (VU",Vx) =0, Vx€S,, n>1.
These may be written, with E., = r(—kAy),

n __ n—1 _ m — 1/<1+>\)’
U" = EppU = Eppon,  m(A) = {(1 —2/2)/(1 4+ 2\/2).
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Time stepping in Banach space B.

Assume —A generates analytic semigroup in B,

I =) < for A\g 35, &€ (0,53m).

14 [Al
Then, for R()) rational function, bounded in =y, 6 € (8, 3],
1
R(A) = R(co)I + 2—/r RO — A)~Lax, T suitable.
7T

Set U"=Ev, where Ep=r(kA). Stability?

Theorem (Crouzeix, Larsson, Piskarev, Th. -93, Palencia -93).
Assume r(\) is A(8)—stable, 6 € (6, %77]. Then

U = (|EMv|| < CM|vl||, for tn, > 0.
k
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Theorem. Ifr()\) A(0)—stable, 0 € (8, 5n], then ||EPv|| < CM|v].
Proof uses, with suitable I =1,

n __ n 1 n —1
r(A)"* = r(co) 1+2—m/rr(/\) (M — A)~Lan.

For |r(oco)| = 1 one needs to study r(\) near A = co. For CN:

1—-A/2 _ 2
Ol =[] = e #AHOARD, o ] targe,

Example for fully discrete scheme:

Assume 7; nonquasiuniform as above and use CN for time-
stepping. Then

1/2
IERvllc < CO 2 loplle,  for tn > 0.
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Summary
Cont. pr.. E(t) =e”t |E@)|c <1, |[E'®)|c<Ct™L. (S -74)

S;, piecewise linears, 7;, quasiuniform, Ej(t) = e®ht :

IEL()le + tIE (Dle < Cep. (STW -80)
T his implies
IO+ A7 < Ch; VAL S5, 6, =5 —cl;?
h — 1_|_|)\|7 5h’ h 2 h -
Sharper result:  [|EL(t)|c + t|E'(t)|c < C. (STW -98)
Hence
C
M+ 23) 71 < . VY Ag>s some de (0T

Holds for all § € (0, Z). (BTW -01).
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Nonquasiuniform 7;:

7;, of Delaunay type: Ej(t) = e2nt: Max-principle ||E,#)|¢ < 1.
o
1+ A

1/2

IO+ D) e < ANg X5, 6p=5—ct’°. (CT -01)

Standard FEM |
Assume hr/hry < CoJ if 7 is j triangles away from g9, aa = 1.2,
1/2

O
IOI+ A e < 775 YAETs 6€(0.3). (BCT -06)

Fully discrete schemes

75, as above, Ep, = r(—kAy), r(A\) A(6)-stable, 8 € (0,5). Then

IERwllc < CO 2 |loplle,  for tn > 0. (CLPT -93)
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