On a free boundary shallow water model for tsunami simulation
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We study the formation of tsunamis and the prediction of the sea progression inland when the wave
touches the shore. We propose a formal survey of a model based on a time dependent fluid domain
interacting with the lithosphere. We give sufficient conditions in order to show an existence result. This
work clearly improves a first study [1] in which the domain was considered fixed.

At time ¢, the water surface occupies a bounded domain Q; of R? with boundary ;. We denote by 7o
the boundary of the fluid at initial time. Assuming that g is smooth enough, we define the deformed
boundary as follows: v := {z = X + d(X,t), X € =}, where d corresponds to the displacement
d(X,t) = T'(t,0,X) — X and T'(¢,s,z) denotes the Lagrangian flow. This deformation has a meaning
if the corresponding Lagrangian flow X — I'(¢,0,X) = X + d(X,t) is a diffeomorphism from vy onto
v :=T'(¢,0,70), so that all what follows will hold as long as det J(X,¢) # 0 on 7o, (where J(X,t) is the
Jacobian matrix associated to the transformation X — T'(¢,0, X)), and T' is one-to-one on 7. Thus we
define I'(0,t,x) by I'(0,¢,.) = I'(¢,0,.)"! and I['(t, s,z) = I'(¢,0,T(0, s, 2)).

If we consider small data, our model allows to bound d in W1>°(0,T; W1>°(vy)) and thus to show
that the deformation has a meaning. We denote by h(x,t) the total height of the water column. We set
h(z,t) = H+((x,t)—U(z,t) where H represents the constant depth of the domain and {(x, t) the surface
elevation. We notice Q@ = Uyc(0,1Q: X {t}, Qo = Qo x (0,T), ¥ = Useo,r)7e X {t}, Lo = 70 x (0,T)
and n the exterior unit normal to ; on ;. The motion of the lithosphere can be modeled by a thin
plate operator ‘9;;2] — A%ig +A%U = f —gh in Qg. The action of the water on the plate is taken into
account by a term of pressure —gh where h = (+ H — U. Last, let us suppose that the model is balanced
at t = 0 from where fj is given by f = g(¢o + H — Up). Since the most significant tsunamis take place
near the coastline, we suppose that the fluid is governed by the following shallow water problem

() %+(u-V)u—AAu+gV§+wc/\u+Cd|u|u:f’ in Q
e + div(uh) = 0, in @

where u is the velocity, w. A u is the Coriolis term, Cy|u|u is the bottom shear and f’ is the action of
the wind on the water surface. Let us note that this model naturally takes into account the variations
of the lithosphere. In order to set the boundary conditions, we introduce the Lagrangian description
of the velocity, U : v x (0,T) — R?, (X,T) ~ u(T'(t,0,X),t). On boundary vy we have U(X,t) =
uw(X +d(X,t),t) = ad(a)t(’t) , and we characterize the boundary motion ; by a condition on the fluid stress
tensor o

o(X +d(X,t),t) n(X +d(X,t),t)|det J|(X,t) = AQU(X,t)/0t) on v x (0,T)
where A is an operator defined on 7y which takes into account the stress applied to the fluid on the

boundary when the water invades land. We assume that A is a Laplace-Beltrami operator which ensures

that [, A@)o = [, AV2@)AY2(0) = [0l
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