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Abstract

We present two new discrete inequalities of Poige@riedrichs on discontin-
uous spaces for Maxwell’'s equations. The proofs of the inequalities are based on
some decompositions formulas bf (Q2)3.

1 Some notations and spaces

Throughout this papei2 will denote a bounded Lipschitz polyhedron included in
R? which is supposed to be both connected and simply connedtés.the bound-
ary of Q which is also assumed to be connected and simply connected. Given a
domain D in R? or R®, we denote byH*(D)¢, d = 1,2,3, the Sobolev space of
real valued functions with integer or fractional regulatity exponent 0, endowed
with the norm|| - ||s.p ; see, e.g, [5]. FoD C R* H(Vx,D) and H(V-,D)

are the spaces of real valued vector functiong L?(D)3 with Vxu € L?(D)3
andV-u € L%(D), respectively, endowed with the graph norms. We denote by
H}(D), Ho(Vx,D), Ho(V-,D)the subspaces ! (D), H(Vx,D), H(V-,D)

of functions with zero trace, tangential trace and normal tracg/@respectively. The
spacesH (Vx°, D) and H(V-°, D) are the subspaces éf(Vx , D) andH(V-, D)
consisting of irrotational andivergence—free functions, respectively. We denote by
HY(D), Hy(Vx,D), Hy(V-,D)the subspacesdf' (D), H(Vx,D), H(V-,D)

of functions with zero trace, tangential trace and normal tracg/orrespectively . We
assume tha® satisfiesH,(Vx,Q) N H(V-,Q) andH(V x,Q) N Hy(V-, Q) are both
continuously imbedded i/ (2)3.

Let IT;, be a partition into tetrahedra fél. If K in II;, we denote by i the diameter



of K and seth := maz ke, hi.

Faces: We define and characterise the faces of the trianguldfipn An interior
face ofll, is defined as the (non-empty) two-dimensional interiad &Bf N0 K5, where
K, and K, are two adjacent elements df,. A boundary face ofl;, is defined as the
(non-empty) two-dimensional interior ofK N 052, where K is a boundary element
of IT;,. We denote b)F,{ the union of all interior faces dfi;,, by F,? the union of all
boundary faces dfl;, and letF}, denote the union of all faces oF,. Furthermore we
associateg”” with I" since(2 is a polyhedron.

Traces: Let H*(I;) = {v : vy € H(K) VK € II,} for s > % be en-
dowed with the norm|v||Z , = > xep, IVl k- Then the elementwise traces of
functions in H*(I1;,) belong toT R(F},) = e, L?(0K); they are double-valued
on Fl and single-valued o}”. The spacd.?(F},) can be identified with the func-
tions inT R(F},) for which the two traces values coincide.

Faces: We define and characterise the faces of the trianguldfipnAn interior face
of 11, is defined as the (non-empty) two-dimensional interiobéf; N OK5, where
K, and K, are two adjacent element &f,. A boundary face ofI;, is defined as the
(non-empty) two-dimensional interior ofK N 052, where K is a bounadry element
of IT;,. We denote b)F,{ the union of all interior faces dfi;,, by F,? the union of all
boundary faces dfl;, and setf}, the union of all faces ofl;. Furthermore we identify
FP to 0Q since? is polyhedron.

Traces: Let H*(I;) = {v : vy € H(K) VK € II,} for s > 1 be en-
dowed with the norm|v||Z y, = > xep, llvl2 k- Then the elementwise traces of
functions in H*(I1;,) belong toT R(F},) = ke, L?(0K); they are double-valued
on F}{ and single-valued OIF,?. The spacd.?(F},) can be identified with the func-
tions inT R(F},) for which the two traces values coincide.

Trace operators: Let us introduce the following trace operators for piecewise
smooth functions. First, let € TR(F,)® ande € F,. If e is an interior face in
F!, we denote byK; and K> the elements sharing by n; the normal unit vector
pointing exterior toK; and we set; = wjak,,i = 1,2. We define thewverage,
tangential andnormal jumps of w atx € e as

wi +w
{w} = 12 2, [WlT =n1 X wy +ng X wy and [w]y =ny - w1 + ng - wa.

If e € FP , we setforz € e
{w}=w, wr=nxw and [wly =n-w.

We denote by(-, ) the scalar product i.?(92)% or L2(Q) and by| - || = || - [o.o =
|l - [lz2()3 or || - [|L2(q). Fore € Fj, we denote by -,- >, the scaler product in
L?(e)? or L?(e). Furthermore ifF” is identified to02, we identifyy - cpp <+, >
to < -,- >, the scalar product if?(9€2)3 or L?(92). In the previous notation we can




state the basic integration by parts formulas
Vo, u € HY(I1)3 , Vo € H(I1;,), we have

(Vxu,v)=(u,Vxov) + <nxuuv>

+ > <[ulr, {v} > — < lr, {u} > (1)

ecF/
and

(V- ou,¥) = (u, V) + <wu-n,p>
+ Y <uln Y} >e+ < W] {u}n >, (2)

ecF/

2 The first inequality

Lemma 2.1 Letu € H'(I1;)? and leto = m% withp > 1 is an integer. Then, there
exists a constant’ independent ok andp such that

lull> S CUV >l + IV - wl® + Y IVolulzlls e + D IVolulnl.).

ecFy, eEF}{

Proof: Let us first denote that the following orthogonal decomposition formula holds
if 0 is simply-connected (see [2])

L*(Q)® = Ho(V x 0,Q) @ H(V -0,9Q).
Now, letu € H'(I1,)3, thenu € L?(Q2)® and we can decomposeas
u=1uy + ug with uy € Ho(V x 0,Q) and us € H(V -0,0Q). (3)
As in [2], we show thati; € Hy(V x 0,9) if and only if u; = Vg with ¢ € H}(Q).
We also show thati, = V x ¢ with ¢ € H(Vx,Q) N Hy(V-,Q) and such that

us = V x ¢ in Q. In particular, the traces gfare well defined sinceé € Hy(Vx, Q)N
H(V-,Q) — H(Q)3. Note that (3) imply

lul?> = (Vg+V x¢,Vg+V x¢)
= (V¢,Vq)+(V x ¢,V x ¢)
IVall® + IV x o>

Now, by using (1) and (2), we obtain

lul> = (u,Va) + (u,V x ¢)
= —(Vug+(Vxug)+ > <[uyqg>—<[ur¢>
ecF}
+Z<u'n,q>e+<nxu7¢>>e.
eEF}?



Then, sincey is in H}(9),
HU”Q:*(VU,(])ﬁ’(VXU,Qﬁ) + Z <[U]Naq >e — < [U]T7¢ >e

ecF/
+ Z <N XU, P >e.
eEFhD
So
1
[ull> < CUV-ul> + IV xul®+ Y IVolulnlg. + > IVolulrllf.)?
ecF/ eck,
1 1 1
x (lgll® + llol* + > Hﬁ(ﬂl%,ﬁr > ||ﬁ¢| 0.e)%-
ecF/ [EISY

Itis clear that

lall* < C@)[IVal? < C(@)]ul*.
Sincegp € H(Vx,Q)N Hy(V-,Q) andV - ¢ = 0, we obtain ( see [2] for the first
inequality )

lol? < C(Q)(HVX¢>I2\2+HV~¢H2)
< COIV x4l
< CQ)]full
Now, by using trace inequality (see [6] ), we have for any 7,
1 c. 1. .
— < —(— \Y
|zl U;hK|q||o,K+||q||o,K|| allo.x)
1 1
< O (=llalg sk + 7=llallg x + PrlIVall x)
b O
< O(—lallt x + —llalld x + —1IValld
pg(gK”qHO,K 2hKHQ||O,K hK” q|O,K)
< Cllallex + 1Vallo x)-
In particular

1
3 |zl < © > llallg.x + 1Vall§ x

ecF} Kelly,
< C(||q||22 +1Val?)
< Ol

In the same manner, using the imbeddingfV x, ) N Hy(V-, Q) in H'(2)3; we
can boundy’ I759lI5. and obtain

1
||%¢||3,Fh < Cl9l3 o < ClolE (v x.0)nHo(v-.)

ecFy,

C(IV x ol + IV - 6[1%)

<
< OV xé|?
< Clul”.

Finally, we obtain

lll> < CUV - ul? + 1V xul®> + D IVolulnllEe+ D IVolurlge)? lull. O

ecF/ e€Fy,



3 The second inequality

Lemma 3.1 Letu € H*(I1,)? and leto = K% withp > 1 is an integer. Then, there
existsC' independent of andp such that

lll> < CUV > all® + 11V - ul® + D IVolurlf. + Y IVoluly|

ecF/ e€Fy,

0.0)-

Proof: The proof is similar to the proof in the previous section. But here we use the
following orthogonal decomposition formula §t is simply-connected (see also [2],

[4])
L*(Q)3 = H(V x0,Q) @ Hy(V-0,9).

Then, foru € L?(2)? we write
U= U + us

with u; € H(V x 0,Q) anduy € Hp(V -0,8). SinceV x u; = 0, we write
uy = Vqwith ¢ € H*(Q2) and sinceus € Ho(V - 0,9), we writeus = V x ¢ with
p € Hy(Vx, Q)N H(V-0,9Q) (see [2], [4]).
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