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General Representation Formula

After the extraction of a subsequence:

V€ 09 uey)—uo(y) = kel [ (n = 0) My (@) G0 5, p)du(o)-+o ]

N(x,y) is the Neumann function for V - (7oV ):

ON

Va;-('yOVN )—5yinQ
Yo () S = 8_Q| on 0f).

1., converges weak™ in the dual

1
The probability measure p = | 11|m o Joe
We |— We
of C° (0).

M is a matrix valued function in L*(€2, du). The values of M are

symmetric, positive definite matrices.
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M satisfies

min (1, E) I, < M < max (1, E) I,
Y1 Y1

and its trace satisfies “tighter” bounds

71 71
h is the harmonic average, and a is the arithmetic average.

nh(l,...,l,ﬂ) Strace(l\/[)gna(l,...,l,ﬂ).

Three of these bounds are attained for a single “sheet-like” inclusion. In
that case the polarization egenvalues “parallel” to the sheet are 1, and
the eigenvalue across the sheet is 1—(1). The fourth bound is attained for a

single inclusion in the shape of a ball.
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Applications

V€ 09, uely)—uo(y) = el [ (1=10) My (@) G20 S, p)du(o) +ol ]

1

May be used :

1. To detect location of diametrically small inhomogeneities (Briihl,
Hanke, MV).

2. To estimate the volume of inhomogeneities of moderate size

(Capdeboscq, MV)
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Detecting locations

Suppose we = U’_;(2; +€B;) (the inhomogeneities “shrink” to points z;).

D)) = el [ (1 =0)Miy (@) 522 52 o ()

= |we| Z Y1 —70)a; M’ Vuo(z;) - VaN(z;,-)

j=1

Is linear in in ¢ (the prescribed boundary condition), its range is finite

dimensional (of dimension np). In fact,

R(D) =span{er - VoN(zj,-)|op:k=1,...,n,7=1,...,p}.

Probe with g, 4 =d-V.N(z,-)|ss. Then g, 4 € R(D) iff
z€{z;:7=1,...,p}. Note also that R(D) is well approximated by
R(Ae — Ao) (the measured Neumann-Dirichlet “difference” map).
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Method:

1. Compute the SVD decomposition of Ac — Ag, and the projector onto

the space spanned by the first m eigenvectors, FP,.

2. For a test point z, compute

|Prgeal
I(T = Prn)g-=.df

cot O (2) =

Form=pn,z€{z;:j=1,...,p} < cot O,,(2) = o0.
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Suppose v and ;1 are constants.
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PiCkVU()ZGj,jZl,...,n

D ;—; data;
Y1 — 70

data;
Y1 — 70

= \weltrace(/ Mdpu).
Q

. / M,;dp, and
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Using the bounds on M we obtain

data;
min (1, ﬂ) ‘ T | < lwe| < max (1, ﬂ)
Yo Y1 — 70 70

data;
71— 70

One measurement bounds. Valid in general (Alessandrini, Rosset, Seo).

a(l,...,l,%) S data,
Y1 — 70

n measurement bounds. Only asymptotic bounds.
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Volume estimation, with vy > 7
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V- (-VE)+kqE.=0 , with w.=U_ (2 +eB;) C R’

In that case, for fired k > 0,

E(y) - Foly) = lej(ﬂ— ) 1B 130 (1) TEo(z)- 9.2 35.0)

p ”
+(ek)*pogo Y (1 - q—g)lBy!Eo(zy)CP (25,y) + o(e
j=1

With ®* solving (A + k?uoqo)® (-, y) = 4§,
We now take FEgy to be a plane wave, 1.e.,

O*(z,y) = —{Hy" (ky/Iiodolz —y|) and  Eo(z) = etViowes

The first two terms are now of order (ek)?/(1 + vk) and it is possible to
prove that the remainder is of order o((ek)?)/(1 + V'k), as ek — 0,
k> ko > 0.
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In other words, “our small inhomogeneity approximation” holds

uniformly as ek — 0, and not just for fixed k as € — 0.

As ek — Ao > 0 we have k ~ e !, and so (ek)?/(1 + Vk) = /e, i.e., we
expect Ee(y) — Eo(y) = O(Ve)

We now show the L? norm of E.(y) — Eo(y) on the circle |y| = 2 for
three circular inhomogeneities of radius ¢ = 0.01, 4 - 0.001, and 0.001,

respectively.
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x10"

0.16
0.01

These were for a conducting inhomogeneity (11 = 2, g1 = 2 + 2¢ inside
the inhomogeneity, o = qo = 1 outside). For a non-conducting

inhomogeneity a similar computation gives
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z
c

One inhomogeneity of the form e€D; change variables r — z =
k— AX=ke, Vi(z) = FEk(z¢). Then

V.- (%vw) +XqV =0 in IR® .

Introduce VA(S)(Z) = Vi(2) — VFODE = then

Ere(y) — Eroly) = V()

€

O 2N, Yirr(s)
5D ONg (z, e) x () do

‘/ 3 (2, ) LV (2) do,
oD

e’ On
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Perspective: as € — 0,

(1
(2

) A — 0 gives the low frequency formulas from before,
) A — Ao >0 gives an intermediate limit formula

(by continuity) |,

(3) A\ — oo may, e.g., be treated by a combination with

appropriate “geometric optics” and stationary phase.
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