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∀y ∈ ∂Ω, uε(y)−u0(y) = |ωε|
Z

Ω
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∂xi
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N(x, y) is the Neumann function for ∇ · (γ0∇ ):

∇x ·
`
γ0∇xN(x, y)

´
= δy in Ω

γ0(x)
∂N
∂νx

= 1
|∂Ω| on ∂Ω.

The probability measure µ = lim
|ωε|→0

1

|ωε|
1ωε converges weak* in the dual

of C0
“
Ω
”
.

M is a matrix valued function in L2(Ω, dµ). The values of M are

symmetric, positive definite matrices.
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M satisfies

min

„
1,
γ0

γ1

«
In ≤M ≤ max

„
1,
γ0

γ1

«
In,

and its trace satisfies “tighter” bounds

n h

„
1, . . . , 1,

γ0

γ1

«
≤ trace(M) ≤ n a

„
1, . . . , 1,

γ0

γ1

«
.

h is the harmonic average, and a is the arithmetic average.

Three of these bounds are attained for a single “sheet-like” inclusion. In

that case the polarization egenvalues “parallel” to the sheet are 1, and

the eigenvalue across the sheet is γ0
γ1

. The fourth bound is attained for a

single inclusion in the shape of a ball.
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∀y ∈ ∂Ω, uε(y)−u0(y) = |ωε|
Z

Ω

(γ1−γ0)Mij(x)
∂u0

∂xj

∂N

∂xi
(x, y)dµ(x)+o(|ωε|)

May be used :

1. To detect location of diametrically small inhomogeneities (Brühl,

Hanke, MV).

2. To estimate the volume of inhomogeneities of moderate size

(Capdeboscq, MV)
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Suppose ωε = ∪p
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j=1(zj + εBj) (the inhomogeneities “shrink” to points zj).

D(φ)(·) = |ωε|
Z

Ω

(γ1 − γ0)Mij(x)
∂u0

∂xj

∂N

∂xi
(x, ·)dµ(x)

= |ωε|
pX

j=1

(γ1 − γ0)αjM
j∇u0(zj) · ∇xN(zj , ·)

Is linear in in φ (the prescribed boundary condition), its range is finite

dimensional (of dimension np). In fact,

R(D) = span{ek · ∇xN(zj , ·)|∂B : k = 1, . . . , n, j = 1, . . . , p}.

Probe with gz,d = d · ∇xN(z, ·)|∂B . Then gz,d ∈ R(D) iff

z ∈ {zj : j = 1, . . . , p}. Note also that R(D) is well approximated by

R(Λε − Λ0) (the measured Neumann-Dirichlet “difference” map).
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Detecting locations

Method:

1. Compute the SVD decomposition of Λε − Λ0, and the projector onto

the space spanned by the first m eigenvectors, Pm.

2. For a test point z, compute

cot θm(z) =
‖Pmgz,d‖‚‚(I − Pm)gz,d

‚‚ .
For m = pn, z ∈ {zj : j = 1, . . . , p} ⇔ cot θm(z) =∞.
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Ω
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∂u0

∂xj

∂u0

∂xi
dµ(x)

measured data

Pick ∇u0 = ej , j = 1, . . . , n˛̨̨̨
dataj

γ1 − γ0

˛̨̨̨
= |ωε|

Z
Ω

Mjjdµ, and

˛̨̨̨
˛
Pn

j=1 dataj

γ1 − γ0

˛̨̨̨
˛ = |ωε|trace(

Z
Ω

Mdµ).
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Using the bounds on M we obtain

min

„
1,
γ1

γ0

« ˛̨̨̨
dataj

γ1 − γ0

˛̨̨̨
≤ |ωε| ≤ max

„
1,
γ1

γ0

« ˛̨̨̨
dataj

γ1 − γ0

˛̨̨̨
.

One measurement bounds. Valid in general (Alessandrini, Rosset, Seo).

h
“
1, . . . , 1, γ1

γ0

”
n

˛̨̨̨
˛
Pn

j=1 dataj

γ1 − γ0

˛̨̨̨
˛ ≤ |ωε| ≤

a
“
1, . . . , 1, γ1

γ0

”
n

˛̨̨̨
˛
Pn

j=1 dataj

γ1 − γ0

˛̨̨̨
˛

n measurement bounds. Only asymptotic bounds.



Random Ellipses
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∇ · ( 1
µε
∇Eε) + k2qεEε = 0 , with ωε = ∪p

j=1(zj + εBj) ⊂ IR2 .

In that case, for fixed k > 0,

Eε(y)− E0(y) = ε2
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«
|Bj |M j
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∇E0(zj) · ∇xΦk(zj , y)

+(εk)2µ0q0

pX
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(1− qj

q0
)|Bj |E0(zj)Φ

k(zj , y) + o(ε2) .
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∇ · ( 1
µε
∇Eε) + k2qεEε = 0 , with ωε = ∪p

j=1(zj + εBj) ⊂ IR2 .

In that case, for fixed k > 0,

Eε(y)− E0(y) = ε2
pX

j=1

„
µ0

µj
− 1

«
|Bj |M j

„
µj

µ0

«
∇E0(zj) · ∇xΦk(zj , y)

+(εk)2µ0q0

pX
j=1

(1− qj

q0
)|Bj |E0(zj)Φ

k(zj , y) + o(ε2) .

With Φk solving (∆ + k2µ0q0)Φ
k(·, y) = δy

We now take E0 to be a plane wave, i.e.,

Φk(x, y) = − i
4
H

(1)
0 (k

√
µ0q0|x− y|) and E0(x) = eik

√
µ0q0ξ·x

The first two terms are now of order (εk)2/(1 +
√
k) and it is possible to

prove that the remainder is of order o((εk)2)/(1 +
√
k), as εk → 0,

k ≥ k0 > 0.
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ε)
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In other words, “our small inhomogeneity approximation” holds

uniformly as εk → 0, and not just for fixed k as ε→ 0.

As εk → λ0 > 0 we have k ≈ ε−1, and so (εk)2/(1 +
√
k) ≈

√
ε, i.e., we

expect Eε(y)− E0(y) = O(
√
ε)

We now show the L2 norm of Eε(y)− E0(y) on the circle |y| = 2 for

three circular inhomogeneities of radius ε = 0.01, 4 · 0.001, and 0.001,

respectively.
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These were for a conducting inhomogeneity (µ1 = 2, q1 = 2 + 2i inside

the inhomogeneity, µ0 = q0 = 1 outside). For a non-conducting

inhomogeneity a similar computation gives
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One inhomogeneity of the form εD; change variables x→ z = x
ε

,

k → λ = kε , Vλ(z) = Ek,ε(zε). Then

∇z ·
„

1

µ
∇zV

«
+ λ2qV = 0 in IR2 .

Introduce V
(s)

λ (z) = Vλ(z)− eiλ
√

µ0q0ξ·z, then

Ek,ε(y)− Ek,0(y) = V
(s)

λ (
y

ε
)

=

Z
∂D

∂

∂nx
Φλ(x,

y

ε
)V

(s)
λ (x) dσx

−
Z

∂D

Φλ(x,
y

ε
)
∂

∂n
V

(s)
λ (x) dσx



The 2d Helmholtz Equation (Transverse Magnetic Maxwell)

Perspective: as ε → 0,



The 2d Helmholtz Equation (Transverse Magnetic Maxwell)

Perspective: as ε → 0,

(1) λ → 0 gives the low frequency formulas from before,



The 2d Helmholtz Equation (Transverse Magnetic Maxwell)

Perspective: as ε → 0,

(1) λ → 0 gives the low frequency formulas from before,

(2) λ → λ0 > 0 gives an intermediate limit formula

(by continuity) ,



The 2d Helmholtz Equation (Transverse Magnetic Maxwell)

Perspective: as ε → 0,

(1) λ → 0 gives the low frequency formulas from before,

(2) λ → λ0 > 0 gives an intermediate limit formula

(by continuity) ,

(3) λ →∞ may, e.g., be treated by a combination with

appropriate “geometric optics” and stationary phase.
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