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1 Problem settingThe wave propagation pro
esses in non-linearmedia with relaxation are des
ribed by thefollowing integro-di�erential equationl:
∂u

∂x
− A

∂2u

∂y2
= α{c

∂f(u)

∂y
−

ε

τ
u+

ε

τ2

Z y

−∞

u(x, y
′) exp

y′ − y

τ
dy

′}, (1)set in the domain
QT = {(x, y) : 0 ≤ x ≤ T,−∞ < y < ∞} with theinitial 
ondition

u(x = 0, y) = ϕ(y) (2)and the periodi
ity 
ondition
u � 1-periodi
 in y. (3)lO .V. Rudenko, S. I. Soluyan, Theoreti
al Founda-tions of Nonlinear A
ousti
s, Mos
ow: Nauka, 1975
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Here A, c, ε, τ are 
onstants,
A > 0, ε > 0, τ > 0,
f , ϕ are fun
tions,
f ∈ C1(R),
ϕ ∈ W

1,per
2 ,where W

1,per
2 is a 
ompletion of the set

C∞
1−per.(R) of 1-periodi
 in�nitely di�erentiablefun
tions with respe
t to the norm ‖ · ‖1

2,
‖ϕ(y)‖1

2 =

(
∫ 1

0

ϕ2 + (
∂ϕ

∂y
)2dy

)

1

2

.By de�nition, set
‖u(x, y)‖2

X = sup
x∈[0,T ]

∫ 1

0

{

u2(x, y) +

(

∂u

∂y

)2
}

dy.

Def. Let X be the 
ompletion of C∞
1−per.(y)(R

2)with respe
t to this norm.
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2 Auxiliary problemConsider the following equation
∂u

∂x
− A

∂2u

∂y2
= F (x, y), (4)where F ∈ L2(Qt), whith 
onditions (2)and (3).THEOREM 1. Problem (4), (2), (3) has aunique solution in X for F ∈ L2(QT ),

ϕ ∈ W
1,per
2 su
h that < u >= 0.This solution satis�es the inequality

‖u‖X ≤ C(‖ϕ‖1
2 + ‖F‖L2). (5)
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3 Estimate for the variationof the right hand sideAssume
F (u) = c

∂f(u)

∂y
−

ε

τ
u+

ε

τ2

∫ y

−∞

u(x, y′) exp
y′ − y

τ
dy′.THEOREM 2. If f ′(u) satis�es a Lips
hitz
ondition with 
onstant L:

|f ′(u1) − f ′(u2)| ≤ L|u1 − u2| and if
∃N = supu∈X f ′(u)then the following inequality holds:

‖F (u1) − F (u2)‖L2 ≤ K‖u1 − u2‖X , (6)where K is a 
onstant.
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4 Contra
tion operator ΦWe 
onsider the problem:
Lu1 = α(F (u0) + g),

u1(x = 0, y) = 0,

u1 � 1-per. by y,

where Lu =
∂u

∂x
− A

∂2u

∂y2
, α > 0.Determine operator

Φ : X → X, u0 7→ u1.THEOREM 3. There exists α > 0 su
h that
Φ : BR(X) → BR(X) - is a 
ontra
tionoperator in the norm ‖ · ‖X .
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5 Existen
e and uni
ity ofsolution of problem (1),(2), (3)Using the �xed point theorem we obtain thefollowing result.THEOREM 4. If f ′(u) satis�es a Lips
hitz
ondition with 
onstant L:
|f ′(u1) − f ′(u2)| ≤ L|u1 − u2| and if
∃N = supu∈X f ′(u),there exists α > 0 su
h thatproblem (1), (2), (3) has a unique solutionin X.
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6 A priori estimateConsider two following problems:
∂ui

∂x
− A

∂2ui

∂y2
= α(F + gi),

ui|x=0 = 0,

i = 1, 2.

(7)
THEOREM 5. Choose α su
h that

αC max(K, 1) ≤ 1,then the estimate holds:
‖u1

∞ − u2
∞‖X ≤

1

1 − αC max(K, 1)
‖g1 − g2‖L2 . (8)
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7 Asymptoti
 expansionSuppose τ = τ0, ε → 0. We 
onstru
t anasymptoti
 expansion of u as ε → 0.Let us introdu
e the following notation:
u(k) =

k
∑

i=0

εiui(x, y).

Fun
tions ui(x, y) are satisfying the followinglinear di�erential equations.

9



Assume
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


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











∂u0

∂x
− A

∂2u0

∂y2
= α{c

∂

∂y
f(u0)},

∂ui

∂x
− A

∂2ui

∂y2
− α{c

∂

∂y
(f ′(u0)ui)} =

α(c
i

∑

p=2

∂

∂y
(
f (p)(u0)

p!

s1+...+sp=i
∑

1≤s1...sp≤i

us1
...usp

)

−
1

τ
ui−1 +

1

τ2

∫ y

−∞

ui−1(x, y′)e
y
′
−y

τ dy′),

ui|x=0 = δi0φ(y), i = 0, 1, 2, ... (9)THEOREM 6. The inequality holds:
‖u(k) − u‖X ≤ Cεk+1,i.e. the asymptoti
 developpement u(k)
onverges to the exa
t solution u with respe
t tothe norm ‖ · ‖X as ε → 0 with the order εk+1.
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8 Proje
tsWe 
an 
onsider problem (1), (2), (3) with thenon-
onstant 
oe�
ients. If the parameters ofthe problem depend on some small variable δ,i.e. are fast os
illating, the equations des
ribesome strati�ed heterogeneous media. In this
ase it's interesting to study the asymptoti
behavior of the solutions as δ → 0 and try toobtain the 
orresponding homogenizedproblem.
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