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1 Problem setting

The wave propagation processes in non-linear
media with relaxation are described by the

following integro-differential equation':

ou  Pu . Of(w) e

e [Y Yy —y

u(z,y’) exp dy'}, (1)

2
T — o0

set in the domain
Qr ={(z,y):0< 2 <T,—0c0 <y < oo} with the

initial condition

u(z =0,y) = o(y) (2)
and the periodicity condition

u — 1-periodic in . (3)
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Here A, c, €, 7 are constants,
A>0,e>0,7>0,

f, ¢ are functions,

feCi(R),

p € Wy,

where W, P°" is a completion of the set

CT° per. (R) of 1-periodic infinitely differentiable

functions with respect to the norm || - |3,

le()llz = (/01 o’ + (%;)Qdy>% .

By definition, set

1 8 2
lu(z,y)||% = sup / {uQ(w,y)Jr(—u) dy.
x€[0,T] JO 8y

Def. Let X be the completion of CT° (R?)

with respect to this norm.




2 Auxiliary problem

Consider the following equation

where F' € L?(Q;), whith conditions (2)

and (3).

THEOREM 1. Problem (4), (2), (3) has a
unique solution in X for F € L*(Qr),

Y € Wg’per such that < u >= 0.

This solution satisfies the inequality

lullx < C(llellz + 1F]22). ()




3 Estimate for the variation
of the right hand side

Assume

/ R
u(z,y')exp 2—2dy'.

— 00

THEOREM 2. If f'(u) satisfies a Lipschitz

condition with constant L:
£ (u1) — f'(u2)| < Llug — us| and if
AN = SUD,c x f’(u)

then the following inequality holds:
[F(u1) = F(u2)|[z2 < Kfjur —usf[x,  (6)

where K 1s a constant.




4 Contraction operator ¢

We consider the problem:
Luy = a(F(ug) + g),
Ul(iE — an) — 07
up — l-per. by v,

ou 0%
h Lu=——A—— > 0.
where Lu e 952" Q

Determine operator
D: X — X,ug— us.

THEOREM 3. There exists a > 0 such that
® : BR(X) — Bgr(X) - is a contraction

operator in the norm || - || x.




5 Existence and unicity of

solution of problem (1),
(2), (3)

Using the fixed point theorem we obtain the

following result.

THEOREM 4. If f'(u) satisfies a Lipschitz
condition with constant L:

|/ (u1) = f(u2)| < L{ur — ug| and if

AN = sup,¢cx f'(u),

there exists o > 0 such that

problem (1), (2), (3) has a unique solution
mn X.




6 A priori estimate

Consider two following problems:

8uz~ _A82u7;
Ox 0y?

ui|x:0 — 07

i=1,2.

— Ck(F + gZ)a

THEOREM 5. Choose a such that
aCmax(K,1) <1,
then the estimate holds:
luge — udollx <

1
1 — aCmax(K,1)

||91 —92HL2-




7 Asymptotic expansion

Suppose T = 19, € — 0. We construct an

asymptotic expansion of u as € — 0.

Let us introduce the following notation:

k
ulh) = Z elui(x,y).
i=0

Functions u;(x,y) are satisfying the following

linear differential equations.




Assume

THEOREM 6. The inequality holds:

Ju™ —ul|x < CFF,

i.e. the asymptotic developpement u*)
converges to the exact solution u with respect to

the norm || - ||x as € — 0 with the order e*+1,
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8 Projects

We can consider problem (1), (2), (3) with the
non-constant coeflicients. If the parameters of
the problem depend on some small variable 9,
i.e. are fast oscillating, the equations describe
some stratified heterogeneous media. In this
case it’s interesting to study the asymptotic
behavior of the solutions as 0 — 0 and try to
obtain the corresponding homogenized

problem.
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