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Contact problem in elastodynamics 3

Rigid foundation

The elastodynamic contact problem reads as : find « : [0, T] — 2 such that

pii — divo(u) = f,  in]0,T] x €,
o(u) = As(u), in]0,T] x €,
oluyn=g, onl0,T] xT,,
u=0, onl|0,T]xT,,

u(0) = u’, 4(0) = v, in 2.
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Contact problem in elastodynamics 4

Assuming that ', has a C* regularity, we have :

Uy = U, Uy = U— UyT,

o) = (c(u)n)n, o.(u)=oc(un—oyn.

Then, the unilateral contact frictionless condition is expressed as follows :
u, <0,0, <0,uyo,=0and 0. =0, on]0, 7] x I',.

1 Many works have been devoted to the numerical solution of contact problem in
elastodynamics.

] Schatzman-Paoli (2001), Laursen-Chawla (1997, 2002)...

L] For purely contact elastodynamic problems (hyperbolic problems), existence result
has been proved in a scalar two dimensional case by Lebeau-Schatzman (1984),
Kim (1989) and in the vector case with a modified contact law by Renard-Paumier

(2003).
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Nodal discretization 5

We consider a Lagrange FEM. Let a1, ..., a4 the fi nite element nodes, ¢, ..., @4 be the basis

functionsand I, = {7 : a; € I', }. Let U be the vector of degrees of freedom of the FEM

displacement up, () :

up(x) = Z uip; and U = (u;) € R%
1<i<d
Then, the space semi-discretized elastodynamic contact problem reads as follows.
Find U : [0,T] — R such that

[ MU+ KU =L+ X N,
il

N <0, UN; <0, N (UN;) =0,Viel, 1)

N_

U(0)=U%U(0) =V?,

/N

\
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Nodal discretization 6

where

K = (KZJ) such that Kz'j = / Aé‘(g&i) ZE(QOJ') dzx,

Q
L = (L;) suchthat L; = / f.gpz-da:—l—/ g.p;dx,
9 o
My = ((MO>z]) such that (MO)z'j = / P Pi-P; dz.
Q

The normal displacement at the node a; on the contact surface is equal to : uﬁ, (a;) = NZ-T U.

The multipliers )\f\, defi ne the nodal contact forces vector : A, = (X]‘V)

Remark :

L1 Problem (@) is ill-posed (Moreau 1983, 1986)

L] Unigueness can be recovered, for rigid bodies, by introducing an impact law with a restitution
coeffi cient (Moreau 1999, Paoli-Schatzman 1993)

L] This seems not to be completly satisfying for deformable bodies because whatever the
restitution coeffi cient value is, the system tends to a global restitution of energy when the

mesh parameter goes to zero.
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Classical time integration schemes

The 6-method € = 0.5 :
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FiG. 1: energy and normal stress evolution for the 6-method.
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Classical time integration schemes 3

The Newmark scheme 3 = v = 0.5 :

112

1111

110

109

Total energy

108

107

106

105
0

!
50

|
100

|
150
Time

Energy

|
200

|
250

300

Normal stress

-12
0

| | | | |
50 100 150 200 250 300
Time

Normal stress

FiG. 2: energy and normal stress evolution for the Newmark scheme.
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Classical time integration schemes 9

The midpoint scheme :
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FIG. 3. energy and normal stress evolution for the midpoint scheme.
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Redistribution Mass Method 10
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Redistribution Mass Method 11

We denote M the modifi ed mass matrix such that :

1
inf —|| M — My||? 2)
( " )
N/ MN; =0,Vi,jel,,

the same total mass,
the same gravity center,

the same momentum inertia.

\

In addition, M must be symmetric and positive semi-defi nite like 4.
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Redistribution Mass Method 12

Theorem 1

Let us suppose that the load vector L(t) is a Lipschitz continuous function on [0, T'] . Then,

there exists one and only one Lipschitz continuous function (U, A ,,) satisfying the fi nite ele-

ment elastodynamic system with contact (I) at each time ¢ € [0, T'].

Proof. If we numerate the degrees of freedom such that the last ones are the nodes on the

contact boundary, we can split each matrix and vector in an interior part and a contact boundary
one as follows :

M
M =
0

0 U
9 K — ~ 9
0 U

l
-

L = » and N; =
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Redistribution Mass Method 13

Then, the system (1)) is written :

(MU+KU=T1-CTU,

CU+ KU = L+ Y ;c; A\ Ni,

~

(3)

| NU <0, X, <0, X\ (N'/U)=0 Viel,.

The following sub-system of (3)) :

(o~ ~ — ~ .
KU+CU =L+Y; N,

can be expressed as follows :

CANUM 2006

~ o~

~

Ni7

(4)

NI TT i i (NTTT) — -
N, U <0, A <0, N (N;U)=0 Viel,

aU,V-U)>1l(V-U) VYV eQq, (5)
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Redistribution Mass Method 14

where
a(U,V)=VTKU, I5(V)=VTL-VTCU and Q={V:NIV <0,i¢clIs}.

(7 IS uniquely defi ned from the variational inequality ) for a given U.
U is a Lipschitz continuous function of U.
The fi rst equation in the system ) is a second order Lipschitz ODE (U).

This equation has a unique solution U with a Lipschitz continuous derivative.

N N I B N

There also exists one and only one Lipschitz continuous function in time U solution to the

variational inequality (&).

L] The second equation in the system () allows us to defi ne a unique Lipschitz continuous

function )\ﬁv (2 € Io) intime.
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Redistribution Mass Method 15

Proposition 1
The solution (U, AN) to the space semi-discretized problem (1)) satisfi es the following condi-

tion at each node on FC :

XJ’V(NZTU) =0 aeon(0,7) (i€ o). (6)

Remark Formulation (@) is the so-called persistence contact condition in elastodynamics.

Proof. Using system (1) and the complementary conditions on the contact area, we have :
. T .
A, =0 on supp(N; U)=w; C[0,T] (i€l,).
The continuity of )\i\, on |0, T'| implies that : )\i\, =0 on w;.

On the other hand, NZTU = 0 a.e. on #;, where 6; is the complementary part in [0, T'| of the
interior of w;. Hence X', (NTU) =0, ae.on (0,7).

CANUM 2006 < I > Beg Er Len, Guidel, Morbian, 29 mai - 2 juin, 2006

Houari Boumediene Khenous




Redistribution Mass Method 16

Theorem 2

Assuming that the load vector L is constant in time, the fi nite element elastodynamic system

with unilateral contact (1)) is energy conserving.

Proof. The discrete energy of system ({1l is given by :
. 1 . . 1
Et)=J(UU) =3 U MU + 5 U'KU -U'L.
The fi rst equation in {II) implies :

1 .qp w1 .0 T P
SUTMU + S UTKU =UTL+ ) A UTN:
i€l
Integrating from O to ¢, it follows :

1 T : 1 T Tr _ ti T
S U MU+ U KU -U L—Z/OANU N; ds + E(0).

icl,,
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Redistribution Mass Method 17

In other words, one has :

t
B =Y /O X UTN; dt + E(0) Vi € [0,T).
iel,

Thanks to Proposition 1, we fi nally obtain :

E(t) = E(0) Vte[0,T).
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Numerical results 18
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FIG. 4. a disc before and during the first contact.

We denote A the lowest point of the disc (the first point being in contact).
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Numerical results 19

Disc and the resolution method properties Values
p, diameter 6 10 %kg/cm?, 20 cm
Lamé coefficients A=10GP,u=5GP
u®, vV 1 em, —100 em/s
Time parameter 1035
Simulation time 0.3 s
Mesh parameter ~ 2 cm

TAB. 1: characteristics of the elastic disc and of the resolution method
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Numerical results 20

With the standard mass matrix With the redistributed mass matrix

Normal stress
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FIG. 5: energy and normal stress evolution for the Crank Nicholson scheme.
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Numerical results 21

With the standard mass matrix With the redistributed mass matrix
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FiG. 6: energy and normal stress evolution for the Newmark scheme.
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Numerical results 22

Influence of the time parameter on energy evolution

At = 0.001 At = 0.0001
FIG. 7: Influence of the time parameter on energy evolution for the Crank Nicholson
scheme.
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Numerical results 23
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FIG. 8: Influence of time parameter on the energy evolution for the Newmark scheme.
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Numerical results 24

] The redistribution mass method stabilize the Crank Nicholson scheme and Newmark

scheme.

L1 There is some small fluctuations in the energy evolution.

[]

Energy tends to be conserved when time parameter goes to zero.

[ The normal stress in A is more regular for problems expressed with the redistributed

mass matrix.
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Conclusion 25

Conclusion

1 The space semi-discretized elastodynamic contact problem with the redistributed

mass matrix is well posed and is energy conserving.

[]

The redistribution mass method stabilize classical time integration schemes.

[]

Energy is conserved when time parameter goes to zero.

1 Adding friction condition is not a difficulty from the energy evolution point of vue.
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