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Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator
Convergence of the algorithm

Dirichlet-Neumann BC and domain with entrant corner

L-shaped domain Q.
Problem of finding u € H(Q) s.t. —Au=11in ,
u =0 on 0%, except on I where
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Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator
Convergence of the algorithm

Problem setting and approximation

Let Q ¢ RY be a bounded open set with boundary 9Q and
consider a Galerkin approximation of a problem of the form

L(u)=1f in Q,
u=20 on 01,

where L(-) is a symmetric strongly elliptic operator. For instance

d

£ == Y 5 (00500

ij=1
Here aj; € L*(Q), aji(x) = aji(x), 1 <i,j < d, and

d
Z aj(x)&& > ale’, VEeRY, Vx e Q.
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Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator

Convergence of the algorithm

A Galerkin approximation consists:

© Build a finite dimensional subspace
Viun C H&(Q)

@ Solve the problem:
Find uyp € Vi satisfying

a(unp, ©) = (fle), Yo € Vip,

where

oY 0
a(w7(p):Z/QaUajéazd
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Two-scale algorithm Situation and algorithm

Spectral analysis of the iteration operator
Convergence of the algorithm
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Two-scale situation

<5
The solution is very sharp in a small ss
subdomain A of Q, but smooth in =k

‘\
§V

Q\A.

SaN)\VAN

Set Vyn, = Vi + Vi, where
Vi = { € H}(Q) : ¢|, € P1,YK € Ty}, and
Vi={y € H(Q): |, € P1,VK € T, and 1 = 0 in Q\ A}.

A priori Viy NV, # {0} and it is not obvious to exhibit a FE-type
basis of V.
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Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator

Convergence of the algorithm

o Initialization: u® € Vi s.t. a(u®, @) = (flp), Ve € Wy,
and choose w € (0; 2).
@ Forn=1,2,3,... find
@ w, € V such that
(i, 9) = {Fli) — afu-
U2 ="t owy
@ wy € Vy such that
a(wr, ) = (Flo) — a(u""7,), Vo € Viy ;
Ut ="+ WWH.

L), VeoeVy;
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Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator
Convergence of the algorithm

Implementation of the method

We can rewrite the algorithm:

Q vy € Vst a(vp, p) = (flp) — a(u,’ffl,@), Yo e Vp;
ul = (L—w)ul™ +wvy, ;

Q vy € Vst a(vu, ) = (flo) —a(up, ), Ve e Vy;
uly = (1 —w)ul !t + wvy.

Hence u" = v, + up with uf} € Vi, up € Vi,

(Direct comparison with Chimera method when w = 1.)

When implementing the algorithm, the coarse and the fine parts of
u" are stored separately.

We use an interpolation technique in order to integrate terms like
a(wH, ©n), YH € VH, ©n € Vp.

A fine structured grid is used to define the relationship between 7y
and 7.
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Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator
Convergence of the algorithm

Bibliographical remarks

@ Domain decomposition

@ Chimera method
Steger et al. (1987) and after Brezzi et al. (2003), .. ..

@ Multiplicative Schwarz method

o Fast Adaptive Composite (FAC) grid method
McCormick (1984) and after McKay, Thomas, Philip, Lee,
Quinlan, . ...
e Hierarchical method
Yserentant (1986), Bank, Dupont, Yserentant (1988), . ...
e Successive Subspace Correction method
Xu (1992), Zikatanov (2000), .. ..
e Method without any conformity between the meshes and
complete overlapping: R. Glowinski et al. (2003).

J. Rappaz and J. Wagner Patches of finite elements for singular solutions



Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator
Convergence of the algorithm

The iteration operator B

o If P,: Vyp — Vp and Py : Vyp — Vi are orthogonal
projectors with respect to the scalar product a(-,-), then we
have

Uupp — u" = B(uHh — Un_l), J

with
B = (I — wPy)(l — wPy). J

@ The convergence speed is given by p(B).

@ The factor of reduction of the error in the norm a(-,-)%/?
is bounded by ||B]|.
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Two-scale algorithm Situation and algorithm

Spectral analysis of the iteration operator
Convergence of the algorithm

The parameter ¥

We introduce the number « € [0; 1] s.t.

a(vh, VH)
V= sup TR
e |[Valll[ VAl
VHEVH,vy#0

We set Vo = Viy N Vi,
Vh—VhﬂVO,VH—VHﬂVO, and

~ 3(Vh7 VH)

= sup
th\—/h,vh#O HVhH”VHH Z
VHEVH,VH#O X1

if Vi, # Vo and Vg # W (otherwise 5 = 0).

VH

X3
N
Vo VNV
Vi
>0
(6

J. Rappaz and J. Wagner Patches of finite elements for singular solutions



Two-scale algorithm Situation and algorithm
Spectral analysis of the iteration operator
Convergence of the algorithm

The spectral radius p(B)

For w € (0;2), the spectral radius of B is given by p(B) = p(7,w)
where

w252 Y Y B ) g ,4
p(’y,w):{ ) _"J+1+T\/W’Y — 4w £ 4, if w < wo(7),

w—1, otherwise,

where wo(7) = # !21_:72 for 7 € (0;1], and wo(5) =1 for 5 = 0.

4

S
'\\ \
08 N
06 e - . . .
, @ 7 is necessarily strictly smaller
04 than 1.
R I s @ We have p(B) < 1 and
L= if w = 1,we have p(B) = 5.
0 02 0.4 06 0.8 1 1.2 14 1.6 18 2
Parameter w
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order

Domain with entrant corner and convergence order

For given f € L?(Q), find u € H'(Q) such that

Problem 1 Problem 2
~Au=f inQ, {—Au—f in Q,

U= on Iy, u=20 on 0S.
% =0 on [y,
u= on 3. (=L,L)
r
l
(0,0)
Q I3
0 : Q
- I: 0 n L
(—L,-L) (L,—-L)
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Change in boundary conditions and domain with entrant corner

Problem 1: Regularity result

Two Poisson problems
Dirichlet-Neumann boundary conditions and convergence order

Domain with entrant corner and convergence order

In Qoo = (—00; +00) x (0; +00),
find v € HL (Qu0) such that

loc

Av =0 in Q.

v —0 on (—o0; 0) x {0},
v = on (0; +o00) x {0}.

du =0

an

Grisvard = v € WP (Qso) with p € [1;%).

Denote ¢(r,8) = cpy/rsin(6/2).

Patches of finite elements for singular solutions
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Two Poisson problems
Dirichlet-Neumann boundary conditions and convergence order

Change in boundary conditions and domain with entrant corner
Domain with entrant corner and convergence order

Model problem and a priori error estimate

Q= (-L;L) x(0;/) Cc R?
For given f € L2(Q),

find u € HL(Q) such that :
Q I
—Au=1f inQ,
u=20 on Iy, O_L T, O T, I
% =0 on [y,
u=20 on 3.

u=w + ¢ where w € H*(Q) and p € W?P(Q), p € [1; 3).
For p € (1;4/3), 3Ho such that
lu = wnlline) < CH>/Plulfy ), VH < Ho,

W2r(Q)’

C is independent of H and v but depends on p.
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Improving the convergence order with patches
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order

Domain with entrant corner and convergence order

Proposition

Let p € (1;4/3) and consider the setting illustrated below. Then
there exist C and hg such that the approximation uyy to u satisfies
the a priori error estimate

H 2-2
lu—upnl[Hr@) < € <\ﬁ L —7

2
), Vh < ho, H/e — 0,

C and hg are independent of H, h, €, but depend on p and u.

With p close to 4/3, e x H?, B < 1,
= pnllpngay ~ (HFP72 4 B2 4 270 2

hence choose h oc H>~# and convergence order in H is — 1 — 3/2.
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Test problem

We assume that the previous Proposition is true in a more general
framework.

Consider unstructured triangulations, a rectangular patch and the
problem of finding u € H*(Q) s.t.

—Au=0 in €,
u=20 on 7y,
% =0 on Iy,

u= <P|r3 on I3,

where ¢(r,0) = \/rsin(0/2).
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Numerical results

€ h M Co1 CO2
025 H? N2 /32 1 1.06
HY/4  H7/4 N3/2/\/2 7/8 =0.875 0.85
VH H3/? N 3/4 =0.750 0.72
H3/%  H5/%  NY2\/2 5/8 =0.625 0.61

no patch 0.5 0.50

H(Q)-norm convergence orders:
CO1 = extremal a priori order in H,
CO2 = order obtained by numerical experience.
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Some bibliographical references

Babuska (Computing, 1970)

Brenner (Math. Comp., 1999)

Dauge (e.g. Springer-book, 1988)

Grisvard (e.g. Pitman-book, 1985)

Kim and Cai (SIAM J. Numer. Anal., 2001)
Raugel (e.g. C. R. Acad. Sci. Paris, 1978)
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Problem 2: Regularity result

Find v € H._(Qc) such that
Av =0 in Q,

v=0onTl4.

Grisvard = v € Wli’cp(ﬁoo) with p € [1; ﬁ)

For 3 = 3m/2, denote o(r,0) = cor?/3sin(20/3).
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Model problem and a priori error estimate

L-shaped Q C (—L; L)? C R? e

For given f € L?(Q), r

find u € H(Q) such that ©.0)
—Au=f inQ, ¢
u=2~0 on 0f). LD T

u=w+ o where w € H3(Q) and ¢ € W2P(Q), p € [1; 3).
For p € (1;3/2), 3Ho such that
o= unlliny < CH2/Plul}l2 gy VH < Ho,

W2.p(Q)’

C is independent of H and u but depends on p.
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Improving the convergence order with patches

If p € (1;3/2), then there exists C and hg such that the
approximation uyy to u satisfies the a priori error estimate

H H?
HU_UHhHHl(Q) S C < T h2_2/p +

C and hg are independent of H, h, €, but depend on p and u.
With p close to 3/2, e x H?,3 < 1,
= gy ~ (272 4 022 W25/ /2

hence choose h oc H3/2-8/2 and conv. order in H is — 1 — (3/3.
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Test problem

Consider unstructured triangulations and the problem of finding
u€ HY(Q) st.

—Au=0 inQQ,

where o(r, ) = r?/3sin(20/3).
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Two Poisson problems
Change in boundary conditions and domain with entrant corner Dirichlet-Neumann boundary conditions and convergence order
Domain with entrant corner and convergence order

Numerical results

€ h M Co1 CO2
0.25 H32 N3/2/27/2 1 0.93
H/3  H4/3 N 8/9~0.89 0.79
H2/3  HT/6 NY2\2  7/9~ 078 0.74
no patch 2/3~0.67 0.63

H()-norm convergence orders:
CO1 = extremal a priori order in H,
CO2 = order obtained by numerical experience.
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Glacier model
Numerical results
Application to glacier modeling Application of patches

Two-dimensional glacier

Gries glacier (Swiss Alps)

Glacier model and parameters by Blatter and Funk (ETH Zurich).

V.

J. Rappaz and J. Wagner Patches of finite elements for singular solutions




Glacier model
Numerical results
Application to glacier modeling Application of patches

Horizontal velocity u — Ice as an incompressible viscous fluid, FOA
Find u defined in Q such that

—div(p(|Vu)Vu) =f  in Q,

Qz =0 on F5,
a*ﬁ =0 on FB,N,
u=20 onlgp,
where f = —%pg‘g—i, and
1

A" ™ oY) = o

with A = 0.08 and 09 = 0.1, and n > 1 an exponent.

J. Rappaz and J. Wagner Patches of finite elements for singular solutions



Glacier model
Numerical results

Application to glacier modeling Application of patches

Weak formulation
Findue V={pe WP(Q):9p=00nTgp},p= ", such that

n !

/M(IVU\)VU-VQD dQ:/ fo dQ, Vo e V.
Q Q

.

Discretization and linearization

We use linear finite elements and Picard’s iterative method,
proved to converge in the discrete case (Reist, 2005).

.

Effective stress field

oury = (V)| Vu] € LX(Q).

.
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Glacier model
Numerical results
Application of patches
du/dn
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Glacier model
Numerical results

Application to glacier modeling Application of patches

Velocity field (n

linear case, no pa

IsoValue

W22000
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Glacier model
Numerical results
Application to glacier modeling Application of patches

nlinear case, no pat

IsoValue
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Glacier model
Numerical results
Application to glacier modeling Application of patches

H'- resp. W'3/2-norm relative error on the velocity field

no patch, N Linear problem (n=1) Nonlinear problem (n = 2)

50 0.261 0.235
100 0.204 0.154
200 0.172 0.0996
400 0.111 0.0535
800 0.0605 0.0223
1600 0.0463 0.0104
obtained order O(HO-%0) O(HO%0)

Linear problem, D.-N. B.C.: u € W?"(Q), r € [1;4/3)
= uc W (Q), o €[1;4), ie uec HY(Q); COin Hl < 0.5
Non-linear probl.: u e W13/2, CO in H%9, u probably in W23/2 1?
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Glacier model
Numerical results
Application to glacier modeling Application of patches

Stress field o()(uy) on I'g

50 ‘
_ 4o ;
g ! :
S : :
£ 30F 3 : .
B -‘: i
- h 4
£ i A y
e b I
L 4 [
B NG
= b A -
! = =k
. B
# a S
0 :
A B
I'p

Heuristic evaluation of the singularity:
p(|Vu]) o [Vul/"=1: n =2 = (Ansatz) p o r/2=2/2
div(uVu)) = 0 = oy = (| Vu))|Vu| ~ -5
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Glacier model
Application of patches

Numeric
du /dn
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Glacier model
Numerical results
Application to glacier modeling Application of patches

Stress field in the patched region around A (N =50, H/h = 4)

Coarse mesh Patch

Relative L2-error
in the patched
region divided

by 2!

IsoValue
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