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Program of the talk

Extending and combining the ideas of two

well-established theories

• backward error analysis (modified equations),

• Hamilton–Jacobi theory (generating functions),

we derive new, efficient integrators

• preprocessed vector field integrators

for rigid body simulations.
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1. Backward error analysis

Given a differential equation

ẏ = f(y), y(0) = y0

and a numerical one-step method

yn+1 = Φh(yn).

Find a modified differential equation

ż = f(z) + hf2(z) + h2f3(z) + h3f4(z) + . . .

such that fortn = nh,
yn = z(tn)
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Origin and references

Numerical linear algebra
Wilkinson 1960, Turing award 1970

Numerical ordinary differential equations
formal considerations

Ruth 1983, Gladman, Duncan & Candy 1991,

systematic study
Griffiths & Sanz-Serna 1986, Feng 1991,
Sanz-Serna 1991, Yoshida 1993, Eirola 1993,
Fiedler & Scheurle 1996

rigorous analysis
Benettin & Giorgilli 1994, H. & Lubich 1997,
Reich 1999
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Example 1: Lotka–Volterra and explicit Euler
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p Euler,h = 0.12

solutions of
modified
diff. equ.

q̇ = q(p − 1), qn+1 = qn + h qn(pn − 1)

ṗ = p(2 − q), pn+1 = pn + h pn(2 − qn)
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Example 2: Lotka–Volterra and symplectic Euler
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p sympl. Euler,h = 0.12

solutions of
modified
diff. equ.

q̇ = q(p − 1), qn+1 = qn + h qn(pn+1 − 1)

ṗ = p(2 − q), pn+1 = pn + h pn+1(2 − qn)
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Summary of backward error analysis

q

1

ẏ = f(y)

ż = fh(z)

z(0), z(h), z(2h), . . .
=

y0, y1, y2, y3, . . .

numericalmethod

exact

solution

modified differential equation

ż = fh(z) = f(z) + hf2(z) + h2f3(z) + . . .
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2. Hamilton–Jacobi theory
“ . . . Professor Hamilton hat. . . das merkẅurdige Resultat gefunden,
dass. . . sich die Integralgleichungen der Bewegung. . . sämmtlich
durch die partiellen Differentialquotienten einer einzigen Function
darstellen lassen. (C.G.J. Jacobi, 1837)

For a Hamiltonian system

ṗ = −∇qH(p, q), q̇ = ∇pH(p, q)

the flow(p, q) 7→ (P,Q) is symplectic: P dQ − p dq = dS ,
and can be expressed as

P = ∇QS(q,Q, t), p = −∇qS(q,Q, t)

where (Hamilton–Jacobi differential equation)

∂S(q,Q, t)

∂t
+ H

(
∇QS(q,Q, t), Q

)
= 0
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We reformulate these formulas:
a) we consider(P, q) as independent variables;

b) we let S1(P, q, t) = P (Q − q) − S(q,Q, t)
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We reformulate these formulas:
a) we consider(P, q) as independent variables;

b) we let S1(P, q, t) = P (Q − q) − S(q,Q, t)

The exact flow(p, q) 7→ (P,Q) of the Hamiltonian system

ṗ = −∇qH(p, q), q̇ = ∇pH(p, q)

is given by

P = p −∇qS
1(P, q, t), Q = q + ∇PS1(P, q, t)

where (Hamilton–Jacobi differential equation)

∂S1(P, q, t)

∂t
= H

(
P, q + ∇PS1(P, q, t)

)

with S1(P, q, 0) = 0 .
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We reformulate these formulas:
a) we consider(P, q) as independent variables;

b) we let S1(P, q, t) = P (Q − q) − S(q,Q, t)

The exact flow(p, q) 7→ (P,Q) of the Hamiltonian system

ṗ = −∇qH(p, q), q̇ = ∇pH(p, q)

is given by

pn+1 = pn−∇qS
1(pn+1, qn, h), qn+1 = qn +∇pS

1(pn+1, qn, h)

where (Hamilton–Jacobi differential equation)

∂S1(P, q, t)

∂t
= H

(
P, q + ∇PS1(P, q, t)

)

with S1(P, q, 0) = 0 . This can be formally solved:

S1(P, q, h) = hH(P, q) + h2H2(P, q) + h3H3(P, q) + . . .
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Idea of generating function integrators

q

1

ẏ = J−1
∇H(y)

ż = J−1
∇Hh(z)

y(0), y(h), y(2h), .
=

z0, z1, z2, z3, . .

exactsolution

numerical

method

modified Hamiltonian

Hh(z) = H(z) + hH2(z) + h2H3(z) + . . .
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Idea of generating function integrators

q

1

ẏ = J−1
∇H(y)

ż = J−1
∇Hh(z)

y(0), y(h), y(2h), .
=

z0, z1, z2, z3, . .

exactsolution

numerical

method

modified Hamiltonian

Hh(z) = H(z) + hH2(z) + h2H3(z) + . . .

References.Feng Kang (1986), Feng, Wu, Qin & Wang (1989),
Channel & Scovel (1990), Miesbach & Pesch (1992)
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3. Preprocessed vector field integrators
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3. Preprocessed vector field integrators

Recall from

backward error analysis
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3. Preprocessed vector field integrators

Given a differential equation

ẏ = f(y), y(0) = y0

and a numerical one-step method

yn+1 = Φh(yn)

Find a modified differential equation

ż = f(z) + hf2(z) + h2f3(z) + h3f4(z) + . . .

such that fortn = nh,

yn = z(tn)
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3. Preprocessed vector field integrators

Given a differential equation

ẏ = f(y), y(0) = y0

and a numerical one-step method

yn+1 = Φh(yn)

Find a modified differential equation

ż = f(z) + hf2(z) + h2f3(z) + h3f4(z) + . . .

such that fortn = nh,

zn = y(tn)
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Idea of preprocessed vector field integrators

q

1

ẏ = f(y)

ż = fh(z)

y(0), y(h), y(2h), . . .
=

z0, z1, z2, z3, . . .

exactsolution

numerical

method

modified differential equation

fh(z) = f(z) + hf2(z) + h2f3(z) + . . .
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Example: implicit midpoint rule

For the general differential equatioṅy = f(y) we consider

yn+1 = yn + h f
(yn+1 + yn

2

)
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Example: implicit midpoint rule

For the general differential equatioṅy = f(y) we consider

yn+1 = yn + h f
(yn+1 + yn

2

)

Modified differential equation for the preprocessed method:

ż = f(z) + h2f3(z) + h4f5(z) + . . .
where

f3 =
1

12

(
− f ′f ′f +

1

2
f ′′(f, f)

)

f5 =
1

120

(
f ′f ′f ′f ′f − f ′′(f, f ′f ′f) +

1

2
f ′′(f ′f, f ′f)

)

−
1

240

(1

2
f ′f ′f ′′(f, f) − f ′f ′′(f, f ′f) −

1

2
f ′′(f, f ′′(f, f))

)
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Rigid body

ẏ = ŷ I−1y, Q̇ = Q Î−1y, â =

(
0 −a3 a2

a3 0 −a1

−a2 a1 0

)

where I = diag(I1, I2, I3) are the moments of inertia.
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Rigid body

ẏ = ŷ I−1y, Q̇ = Q Î−1y, â =

(
0 −a3 a2

a3 0 −a1

−a2 a1 0

)

where I = diag(I1, I2, I3) are the moments of inertia.

We considerD = diag(d1, d2, d3) where
d1 + d2 = I3, d2 + d3 = I1, d3 + d1 = I2,

Discrete Moser–Velselov (DMV) algorithm (Rattle):
For given(yn, Qn), compute an orthogonalΩn matrix from

ΩT
nD − D Ωn = h ŷn.

The numerical solution after one step is then given by

ŷn+1 = Ωn ŷn ΩT
n , Qn+1 = Qn ΩT

n ,
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Preprocessed DMV algorithm

Apply the DMV algorithm withIj replaced bỹIj where

1

Ĩj

=
1

Ij

(
1 + h2s3(yn) + . . . + h2r−2s2r−1(yn)

)

+h2d3(yn) + . . . + h2r−2d2r−1(yn).

to get an integrator oforder2r.

s3(yn) = −
1

3

( 1

I1

+
1

I2

+
1

I3

)
H(yn) +

I1 + I2 + I3

6 I1 I2 I3

C(yn),

d3(yn) =
I1 + I2 + I3

6 I1 I2 I3

H(yn) −
1

3 I1 I2 I3

C(yn).
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Numerical experiment 1: asymmetric rigid body

I1 = 0.6, I2 = 0.8, I3 = 1.0
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blue: splitting methods of orders2, 4, and6

black: preprocessed DMV of orders2, 4, and6
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Numerical experiment 2: flat rigid body

I1 = 0.345, I2 = 0.653, I3 = 1.0
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blue: splitting methods of orders2, 4, and6

black: preprocessed DMV of orders2, 4, and6
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