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Program of the talk

Extending and combining the ideas of two
well-established theories

o backward error analysis (modified equations’

o Hamilton—Jacobl theory (generating function:
we derive new, efficient integrators

e preprocessed vector field integrators

for rigid body simulations.



1. Backward error analysis

Given a differential equation

y=f(y), ()=

and a numerical one-step method

Yn+1 — (I)h(yn)°

Find a modified differential equation

= f(2)+ hfa(2) + R f3(2) + R fu(2) + ...

such that for,, = nh,

Yn = 2(tn)




Origin and references

Numerical linear algebra
Wilkinson 1960, Turing award 1970

Numerical ordinary differential equations

formal considerations
Ruth 1983, Gladman, Duncan & Candy 1991,

systematic study
Griffiths & Sanz-Serna 1986, Feng 1991,
Sanz-Serna 1991, Yoshida 1993, Eirola 1993,
Fiedler & Scheurle 1996

rigorous analysis
Benettin & Giorgilli 1994, H. & Lubich 1997,
Reich 1999



Example 1: Lotka—\Volterra and explicit Euler

£ P Euler,h = 0.12
solutions of
4/ modified
a3 diff. equ.
2
He® -
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QZQ(p_ 1)7 dn+1 ZQn+hQn(pn_ 1)

p=p(2—q), Pni1 = Pn+ hpa(2 — q)



Example 2: Lotka—Volterra and symplectic Euler

sympl. Eulerh = 0.12

solutions of
modified
diff. equ.

Gni1 = Gn + P qn(Pai1 — 1)
Pn+1 = Pn T hpn+1(2 — Qn)



Summary of backward error analysis

Y= f(y n
e,
Sthog
%&C"
ot
£ = [u(2) soV!

modified differential equation

Yo, Y1, Y2, Y3, - ..

2(0), z(h), 2(2h), . ..

i = fiL(2) = f(2) + hfalz) + R f3(2) + . ..




2. Hamilton—Jacobi theory

“ ... Professor Hamilton hat. . das merkwirdige Resultat gefunden,
dass. .. sich die Integralgleichungen der Bewegungsammitlich
durch die partiellen Differentialquotienten einer eingrgFunction
darstellen lassen. (C.G.J. Jacobi, 1837)

For a Hamiltonian system
p=-VyH(p,q), ¢=V,H(pq)

the flow(p, q) — (P, Q) is symplectic: PdQ — pdqg = dS,
and can be expressed as

P = VQS(Qa Q?t)a P = _VQS(Q7 Qat)

where (Hamilton—Jacobi differential equation)

on ) %y
(cth J | H(VQS(%Q,??),Q) =0




We reformulate these formulas:
a) we conside(P, ¢q) as independent variables;

b) we let  S*(P,q,t) = P(Q — q) — S(q, Q, )



We reformulate these formulas:
a) we conside(P, ¢q) as independent variables;

b) we let  S'(P,q,t) = P(Q —q) — S(q,Q,t)

The exact flow(p, q) — (P, Q) of the Hamiltonian system
p= _VQH(pa q), q = VPH(pa q)
IS given by
P=p-V,S'(Pqt), Q=q+VpS'(Pg,t)
where (Hamilton—Jacobi differential equation)
0S1(P,q,t)

ot
with S1(P,q,0)=0.

_ H(P, g+ VpSL(P,q, t))



We reformulate these formulas:
a) we conside(P, ¢q) as independent variables;

b) we let  S'(P,q,t) = P(Q —q) — S(q,Q,t)

The exact flow(p, q) — (P, Q) of the Hamiltonian system

p=-VyH(p,q), ¢=V,H(p,q)
IS given by

Pn+1 — Pn — qu1 (pn—l—la dn, h), dn+1 = {4n + vpSl (pn—|-17 dn, h
where (Hamilton—Jacobi differential equation)
0S' (P, q,t)
ot
with S1(P,q,0)=0.

_ H(P, g+ VpSL(P,q, t))



We reformulate these formulas:
a) we conside(P, ¢q) as independent variables;

b)welet SY(P,q.t)=P(Q—q)— S(q,Q,1)

The exact flow(p, q) — (P, Q) of the Hamiltonian system
p=-VH(p,q), ¢=V,H(p,q)
IS given by

Pn+1 = Pn — VqS1 (pn—l—la dn, h), dn+1 = {4n + vpSl (pn—l—la dn h
where (Hamilton—Jacobi differential equation)

0S1(P,q,t) B |
= H(P, g+ VpSY(P, q,t))

with S'(P,¢q,0) = 0. This can be formally solved:
S'(P,q,h) = h H(P,q) + h*Hs(P,q) + W’ H3(P,q) + . ..




ldea of generating function integrators

y=J 'VH(y)

S XAy
O/Ut / O n
y(0),y(h),y(2h),.

('\Ga\ 20, 21, 22, Z3,- -

urne
. 1 s
2= J "VH(z) I\

modified Hamiltonian

Hy(2) = H(z) + hHy(2) + h*Hs(2) + . ..



ldea of generating function integrators

eXaC[
m
y(0),y(h),y(2h),.
ume('\ca\ 20y 21, %2, 235 - -
3 e’&‘(\o6
z = J_1VHh(Z) \\

modified Hamiltonian
Hy(2) = H(2) + hHy(2) + h*Hs(2) + . ..

ReferencesFeng Kang (1986), Feng, Wu, Qin & Wang (19
Channel & Scovel (1990), Miesbach & Pesch (1

y=J 'VH(y)




3. Preprocessed vector field integrators



3. Preprocessed vector field integrators

Recall from
backward error analysis



3. Preprocessed vector field integrators

Given a differential equation

y=f(y), v(0)=uo

and a numerical one-step method
Unt1 = P (yn)
Find a modified differential equation
¢ = f(2) + hfao(2) + B2 f3(2) + B2 fa(2) + . ..
such that for,, = nh,




3. Preprocessed vector field integrators

Given a differential equation

y=f(y), v(0)=uo

and a numerical one-step method
Unt1 = P (yn)
Find a modified differential equation
¢ = f(2) + hfao(2) + B2 f3(2) + B2 fa(2) + . ..
such that for,, = nh,

Rn = y(tn)




ldea of preprocessed vector field integrators

y=fy) eXaC{
\\\Eiiinis\\\\\;
o)
grnet™
3 e\‘(\od
¢ = fn(z) w

modified differential equation

y(0),y(h),y(2h),...

Z0y Rly <25 K3y« - -

fu(2) = f(2) + hfa(2) + A2 f3(2) + ...




Example: implicit midpoint rule

For the general differential equatioin= f(y) we consider

Yn+1 + yn)
2

yn+1:yn+hf<



Example: implicit midpoint rule

For the general differential equatioin= f(y) we consider

Yn+1 + yn)
2

yn+1:yn+hf<

Modified differential equation for the preprocessed metho

where

f3 =

/5

120(

240

= f(2) + h*f3(2) + h*f5(2) +

SR

FIFET =L + ;f’%ff 1)
( FEF ) = 1 f) - §f”<f, £(f, )



Rigid body

, . 0 —a3 a9
g=y1"y, Q=QIy, a( a3 0 al)
— a9 al 0
where I = diag(/y, I, I5) are the moments of inertia.



Rigid body

, . 0 —a3 a9
g=y1"y, Q=QIy, a( a3 0 al)
— a9 aq 0
where I = diag(/y, I, I5) are the moments of inertia.

We considerD = diag(d, ds, d3) where
di+do =13, do+dz=11, dsz+d = Iy,

Discrete Moser—Velselov (DMV) algorithm (Rattle):
For given(y,, @), compute an orthogon&l,, matrix from

QLD —DQ, = hy,.
The numerical solution after one step Is then given by
?/J\nJrl = (), ?/J\n ng Qn+1 — Qn an



Preprocessed DMV algorithm

Apply the DMV algorithm with!; replaced byl; where

1 1
— = —(1 h?s3(yn) + ... h2r_282r—1(yn))
J
Fh2dy(ga) + ... + Koy ().

to get an integrator adrder2r.

1/1 1 1 I+ I + I3
n) — T & | | Hnl Cna
53(Yn) 3(11 I, _g) (Un) 61, I, I ()
I+ I+ I 1
3(Yn) TN (yﬁ>3[1[2]3 (Yn)



Numerical experiment 1. asymmetric rigid body

1P

€ITOr angular momentuny

\\

cpu time
I | | | | | I | I

1074

1073

1P

rotation matrixq)

N \\

107°

107°

cpu tim

1074

1073

blue: splitting methods of ordefs 4, and6
black: preprocessed DMV of ordets4, and6




Numerical experiment 2: flat rigid body

I, =0.345, L, =0653, I3=1.0

10°3
10°3
10°6
10°6
10°°
10712 cpu time 10°° cpu time
I | | | | 1 11 I | I | | | | 1 11 I
1074 103 10 103

blue: splitting methods of ordefs 4, and6
black: preprocessed DMV of ordets4, and6
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