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Higher order entropies (1)

e A Thermodynamic interpretation of Bernstein Method

Consider the heat equation
Ou—Au=0

Defining
¢ =|0,ul? = 0,u-0,u

we have
0, — AC +2|07ul* =0

where|0%u|? = 0%u:0%u and( plays the role of an entropy even though we also have
Ou? — Au® +2|0,ul* =0

For more general equations
¢ =u®+c1]0,ul?
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Higher order entropies (2)

e Enskog second order expansion of kinetic entropy

The distribution functiory (¢, z, ¢) of a monatomic gas is governed by Boltzmann equation
The kinetic entropys*® obeys the H theorem

SKM = —ky [ f(log f — 1)dc

Rn
Enskog expansion of
f=r90+epM +0(e?))

£ is the Maxwellian distribution
») is the perturbation associated with the Navier-Stokesegi

Expansion of kinetic entropgki®

gkin — 50 1 2292 4 O(£?)
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Higher order entropies (3)

e Enskog second order kinetic entropy corrector

Fluid entropyS(®)
SO =k [ fOog fO —1)de

Rn

Enskog second order corrects?)

§(2) — & FO(6M)2ge

2 Jan
Explicit evaluation
5@ — —%(X\axTP +1q1d)?)
where
d=0,0+0,0" = 2(9,v) I
X=(1/2re,)N2/T5 = (1/4r)n*/T?

A is the thermal conductivity, the shear viscosity, ang, — c, = r

J

Entropies d’Ordre Supérieur, Canum, mai 2006



Higher order entropies (4)

e Enskog higher order expansion of kinetic entropy

Higher order expansion of
f/f(O) =14+ 5¢(1) I 62k¢(2k) 4+ (’)(52]"+1)
Higher order expansion ¢f<i»
Skin . S(O) — 525(2) + 535(3) 4ot 521415(2/{:) + O(€2k—|—1)

Structure ofS(2%) in the absence of external forces

0= () 2o I () () ()

v 1<|al<2k

wheren is the shear viscosity;, = (va, V), V) 1<|a|<2k, and

> lal(va + v +vil) =2k
1<]or| <2k

The coefficients:, 35 are smooth bounded functionslog 7'
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Higher order entropies (5)

¢ Kinetic entropy deviation estimators
Integration by parts irfRnS(%) dz to eliminate derivatives of order stricly greater thian
Use of classical interpolation inequalities

‘ S(2k) da:‘ < C/ v[k] dx
R’n n

v[¥is a(2k)™ order kinetic entropy deviation estimator

() (5

Other(2k)*" order kinetic entropy deviation estimator

S22y

~[k] _ U 2k k 2 k 2 k 2
5 rp(p ﬁ) (10" 10g T2 + 8" (v/VrT)|? + |6* log p|?)
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Higher order entropies (6)

¢ Kinetic entropy deviation estimators
Zeroth order estimator

e Parallel with scalar equation

CFl = w2 4 e |0tul? + - - - + ¢ |0Ful?
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Higher order entropies (7)

e Enskog expansion of Fisher Information
Leads to the same higher order estimators

e Natural temperature scaling

e Persistence of kinetic entropy
Higher order entropies are tools to estimate the solutianfafid model
Different point of view from extended thermodynamics orrieit type models
Will require small Mach numbers, which is compatible withskag expansion from

Ma = Kn Re
where
Ma =v/c is the Mach number
Kn=1/L is the Knudsen number

Re = pvL/n isthe Reynolds number
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Incompressible model

0, v=20

Preliminary analysis (1)

8 (pv) + 9,- (p@v + pI) — 8,- (n(T) d) = 0

9y (pcuT)

General assumptions

+ 8, (peyTv) — 0, (MT) 0,T) = 3n(T)d:d

v, T—T,e€C(0,t], HYnC'([0,£], H"?)nL*([0,¢], H'T"),  1>[n/2]+2

Momentum equation

Pressure

J
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Preliminary analysis (2)

e Simplifying assumptions
A = Cte, n = Cte c, = Cte

e Pressure

Y. RiRj(pviv;)

1<i,j<n

e Second order entropy corrector
Specialize general formulas to the incompressible case

2 2
7= |0, T + 122
Positive parameters at our disposal
Ax >0, A, >0, a>0

Note thatv scales as/T in ~, and thaty and~!*! have similar properties
We will assume thai < a < 1 in the following

J
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Preliminary analysis (3)

e Balance equation for ~
Oy +0,-(vy)+0,o+m+s+w=0
where
- 20N 02T (14 a)(2+a)AaA |0, T|*

0Cy T1l+a PCy T3+a
o (UM o+ A P TP gty 4 pan o
2pC, 20Cy T2+a 4dpc, T1+a p Te
. A1+ a)AxA 02T:0,T ® 0, T B <2A>\n N aApA n aAnn> 0,did®0,T
PCy T2+a PCy 0Cy P T1l+a
d:0,T @0, T _A,d:dp d:(9,v-0,v)
w = A)\ T1+CL + 27 TCL + 2A77 TCL
~aAN|d?o, T Aynd:0,d N (1+a)AA[0,T?0,T  2A\\9;T-0,T
~ 2pc, Tlta p Te 0Cy T2+a pc, Tita

Fora, b vectors,c, d matricesg ® b is the matrix with elementsg; b;, 1 <i,;5 <n,
¢ ® bis the third order tensar;;by, 1 <4, j,k < n; cidisthe quantity) ;. c;;d;; and|c|? = cic

Fore andf third order tensors: f denotes the quantity’, ., e;;x fijx andle|? = eie

ijk
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Preliminary analysis (4)

e Unconditional entropicity
Integrating they balance equation we obtain that

fyda:+/ +=)d /wdx

We will say that unconditional entropicity holds if therastgc > 0 such that

1
—/Wd$§/(77+2)dﬂc§c/7rdx
C mn mn n

foranyv, T — T, € H*(R™) N A(R™), with T > Ty,;, > 0 and in this situation

1
0, 7dm—|——/7rdm§/ lw| dx
R C n n

e Proposition : Assume that the parameteassociated with is such that

4n — 1 A +7701;)—1>

0 ’f< 2
sasm 2n? +1 (77% A

Then there exists positive constaatsandA,, such that unconditional entropicity holds. On the otherdhan
unconditional entropicity does not hold wheiis close to unity.
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Preliminary analysis (5)

e Sketch of the Proof
Explicit evaluation of

/£W+Z)dx

Integration by parts and polar decomposition of the Hessiattix 92T
02T = 2T + (AT /n)I

Binomial formula
Counter exemple fag = 1

e Inequalities
One can establish that far# —2, T — T.,, € H?*(R™) N A(R™) andT" > Ti, > 0

0.T|* 02T|?
0,11* . [ 10T

. T3+a . T1+a dx

Different inequalities will be established with powers||dbg T'|| saso In the right hand side

J
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Preliminary analysis (6)

o Expression of d,v interms of d
For anyv € H'! and any index paifi, j) we have

20jUi = dij — Z Rledli + Z RlRidlj

1<i<n 1<i<n

and we also have
28j8kvi = 8kdij + doik - 8z'djk:

e Estimates of convective terms
Assume thav, T — T, € H?*(R™) N A(R"™), T > Tyin > 0, anda < 1/3. Then

1/2 1/2
lw| dx < c(/ 7rd;r3> < |d|? dx) sup 711—4)/2
n Rn R

R’n

/n‘w| dz < c(/nwdx) 12 (/n»ydx) 1/2 SEETl/z

We also have

J
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Preliminary analysis (7)

e Temperature weights
Nonlinear convective terms introduce a multiplication bg velocity fieldv
Sincev scales as/T we recover the,/T weight of the convective terms
Thesupg.T factors cannot be controled kfy, = dz and [,y dx
Small values of; yields unconditional entropicity but prevent majorizatiof convective terms
Larger values of: yields majorization of convective terms but prevent undtboidal entropicity

e Partial conclusion
Temperature dependence of transport coefficigrandy
Conditional entropicity properties

e Remarks
Same conclusions for periodic domains
Assumingd, T/T € L? N L* whenn = 3 implies thatlog T has a finite limit at infinity and”,_ > 0

J
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Weighted inequalities (0)

e Differential indentities

Letting90* = 97" --- 09~ for a = (a1, ...,a,) € N* we have
0°(fg) = Y capd’ 0 Vg
0<B<a

For f andg smooth scalar functions we have

804(9 © f) - anu aag H(aﬁf)uﬁ

Tp 1<|Bl< ]l

wherec,,, are nonnegative integer coefficients
The sumisovet <o < |af, u = (ug)1<|p<|a| With ug € N, 5 € N", such that

Z/L/BZO', Z@Nﬁ:a

1<|B]<]ol 1<]8I<]of

so that we have in particuldr ; |3| s = |a/.

J
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Weighted inequalities (1)

e A,class
Forl < p < oo, g € L, .(R"), positive and locally integrabley,is in the A, class if

o, == (i1 [ o) (1. _%dx)p_lm

We haveAd, N A; = Anin(p,q) and the weights ofl, have their logarithm i3 M O

e BMO space
A locally summable functiorf belongs to the spacg@ M O(R™) when

1 _
11530 :sgp@/Qu(x) = Foldr <

e Fine properties of BM O
There exists constant$n) and B(n) such that forany € R, v € BMO, andl < p < oo

OlllullBaro < b(n)/2, |0lllullrro < (p—1)b(n)/2

implies thatexp(0u) € A, and[exp(fu)] , < (1+ B(n))”

J
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Weighted inequalities (2)

e Weighted Calderén-Zygmund operators
Let G be a Calderén-Zygmund operator< p < oo, andg be a weight in4,,
Theng is bounded inL? (gdz), or equivalentlyg'/?Gg~—'/? is bounded inL?
with norm lower tharC(co, c1, c2,n, p, [g]4,)

e Calderén-Zygmund operators
LetG : D(R™) — D’(R™) be a continuous linear operator aidthe restriction of the distribution kernel
associated witlg/ to the open set # y of R™ x R™. We say thatj is a Calderén-Zygmund operator when
() K is alocally integrable function and there exiggssuch that forr # y |K (z,y)| < co|lx —y|™"
(i) There existsy € (0,1] ande; such that forr # y and|z’ — z| < 1|z — y| we have
(K (2, y) = K(z,y)| < ella’ — 2l le —y[7"7°
(iii) Similarly if = # y andly’ —y| < 3|z —y| we havel K (z,y') — K(z,y)| < c1ly’ —y|’|z —y[7"~°
(iv) G can be extended into a continuous linear operator 69€R™) with norm lower or equal te,

J
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Weighted inequalities (3)

e Weighted multilinear estimates

Let k, [ be positive integers, and/, 1 < j < [, be multiindices such that’/| > 1,1 < j <[, and

k=3 1<;<lo?| Letl <p <oo,g €Ay, anduy, ..., u, be such that there exist constanjs,, with

U; — Uj oo € HF(R™) N AR™), andg%(?kuj € LP,1 < j <. There existg = c(k,n, p, [g]4,) such that

lo TTo"wl, < o 32 Tusllono) (32 lo70"u),,)

1<5<I 1<5<1 1<5<1

where we define '
k! N
a7t = 30 5 [ gl da

|| =k
e Sketch of the Proof
Fourier transform and density f(R") in H*(R") N A(R")
Coifman Meyer theory of multilinear operators
Continuity of weighted Calderén-Zygmund operators

e Remark
D(R™) is dense inH*(R™) N BMO(R") if and only if k > n/2

A\ J
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Weighted inequalities (4)

e Weighted multilinear estimates for = and w

Letk > 1,0 >0,1 < p < oo, 7 suchthatr — 7 € H*(R") N A(R") for some constant_. There exist
positive constant§(n, k, 8, p) andc(n, k, p) such that if|| 7| a0 < 6, then for anyld| < @, any integer

[ > 1, and any multiindices’, 1 < j <[, with [o/| > 1,1 < j </, and} | o |a?| = k, whenenver
exp(07/p)oFr € LP(R™), we have

% T @), <elirllono le¥ ol

1<5<i
Further assuming that €¢ H*(R") N A(R"), /7/P9%w € LP(R™), and0 < I < I, we have

-1

[¥ T II @ w, <c(lrlomo+ l@lamo) (%@l +lle¥ o ul],,)
1<;<i I+1<5<1
where, in the left hand side, we have denoteddmny of its components, . .., w,

e Sketch of the Proof

Weighted multilinear estimates appliedit@ndw and properties oBM O

J
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Weighted inequalities (5)

e Auxiliary functions

v
T =logT w=—
g T
e Derivatives of auxiliary functions
ForT" smooth, positive and = (aq, ..., «a,) € N we have

WTT = 0% + Z Cu H(GQT)MB

po 1<|B< ol -1

wherep = (ug)1<|8<|a| With 5 € N, 3 € N”, ¢, are nonnegative integer coefficients, and

> Bug=a
1<[B]<]a]
so that we have in particuldr ; |3| s = |a|. Similarly, we have fod <: <n

‘? Pt s T s + 5 e IO

[ 1<|,8|<|a| po 1<[BI<]a|

with0 < a <aand):,5<)0 BHgTa=0

J
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Weighted inequalities (6)

e Weighted multilinear estimates forT and v

Letk > 1,0 > 0,1 < p < oo, TWith T' > Tp,1, > 0 @andT — T, € H*(R™) N A(R™) whereT,, > 0.

There exist positive constantén, k, 8, p) andc(n, k, p) such that if|| log T'|| zaro < 6, then for anylé| < 9,

any integerl > 1, and any multiindices’, 1 < j <[, with |[o/| > 1,1 < j </, and}_, lad| =k,
whenenve?/?(0FT) /T € LP(R™), we have

7 11 (%0,

1< <l

o OFT

< CHlogTHBMO HT_ HLP

Further assuming € H*(R™) N A(R™) and || log T|| 5170 + 1/ VT || 1 < 8(n, k, 8, p), whenever
T9/7(9%v) /T € LP(R™), we have fol0 <1 <[

[T (%0) 11 (2], = (s lonso + il ™ (1t % + 15220

1< <l I+1<5<
where, in the left hand member, we have denoted byy of its components,, . . ., v,.
e Sketch of the Proof

Weighted multilinear estimates are applied-tandw and transported t& andv

)

J
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Weighted inequalities (7)

e Weighted interpolation inequality
Letl <g<oo,1<r<oo,k>1,0<j<k,geA NA;= Ayin,r and letp be such that

1 k—11 1
L_k=jl J

P kE q kr

Forv € Li(gdx) andd*v € L"(gdz), we haved’v € LP(gdz) and there exist§(n, k, ¢, r, 9] 4, 9] 4,.) with

7

(/ng‘aj\"pdx)% SC(/ng\\/\qu)(l_k)%(/ng\akvvdw’)%%.

e Weighted interpolation of derivatives

Letl <r <oo,k>1,1<j<k, g€ A, andl/p=j/kr. Thenforvwithv — v, € H*(R") N A(R"),
andd*v € L"(gdx), we haved’v € LP?(gdx) and there exist§(n, k,, [g] , ) such that

([ g% as)™ <c ik ([ sorvras)™

J
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Weighted inequalities (8)

e Sketch of the Proofs
() Induction onk and Grafakos and Torres theory of multilinear singulargrdéoperators

(i) Lettingp =r,|a?| =1, andk = [ in the weighted estimates of Coifman Meyer type we obtain the
inequality forj = 1. Forl < j < k we can then interpolai@’v betweer'v andd*v

e Remark
As a special case we obtain that fbr— 7, € H*(R") N A(R™), T > Tynin > 0 and||logT|| g0

small enough, we have

0, T1*
Rn T3+a

02T
R’n T1+CL

dz < || log T3 10 da

J
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Incompressible model

0, v=20

Higher order entropy estimates (1)

8 (pv) + 9,- (p@v + pI) — 8,- (n(T) d) = 0

9y (pcuT)

General assumptions

+ 8, (peyTv) — 0, (MT) 0,T) = 3n(T)d:d

v, T—T,e€C(0,t], HYnC'([0,£], H"?)nL*([0,¢], H'T"),  1>[n/2]+2

Momentum equation

Pressure

J
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Higher order entropy estimates (2)

e Temperature dependent transport coefficients
There existe, a > 0,a > 0, anda, > 0 for anyos > 1 such that

aT”* < \e, <aT*  aT*<n<al”, T (|0FA| + |07n]) <@, T*
Kinetic theory suggests/2 < »» < 1 but0 < s < 1/2 or s« > 1 are still interesting to investigate
We assume for the sake of simplicity thgt= Cte

e Interaction potentials between particles
Power laws exactly valid for points centers of repulsion
Power laws asymptotically valid for Lenard-Jones intaoacpotentials
Assumptions also valid for polyatomic gases

e Rescaling of solutions
In the special casg = a\7*,n = a,T*, ¢, = Cte, ifv(t,z) andT'(¢, z) are a solution then

Eo(7,¢072g), TP, 0 a)

are also a solution for any positige

J

Entropies d’Ordre Supérieur, Canum, mai 2006



Higher order entropy estimates (3)

e Higher order entropies
Specialize general formulas to the incompressible case

k|2 k.2
(k] _ A[}\k:] |j(?1fa| _|_A7[7k:] \f;:\
k k
k!
D W] o D N A R W i
la|=k 1<i<n

whereA[f] > 0, A%k] > 0, anda, € R

e Modified higher order entropies
Denotingr = log T'andw = v/+/T we define

1 (1) (08 5 AP

The entropy correctors!*! and4!*! will be shown to have similar properties

J
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Higher order entropy estimates (4)

e Zeroth order modified entropy
We defineyl?) = 51 for 0 < ay < 1, by

[m:¢m:(@+Ame

Y
Whet‘EA[)?] > 0, A%O] > 0, and
(T - T, T L v :
TOO — log(i) + §CUTOO7 if ag = 1
C[O] =
T—T, T % —To % | o2 .
a S + 5 T han |f 0 < CLO < 1

e Higher order entropy estimators
We define the2k)'" order kinetic entropy estimators by

F[k]:7[0]+...+f}/[k’] k>0

F[k]:§[0]+..._|_5/[k’] k>0

J
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Higher order entropy estimates (5)

e Governing equation for ~[*!

Fork > 1 and(v,T") smooth solution of the incompressible Navier-Stokes egngatve have

atfy[k] + 896 (Ufy[k]) + 6x90f[yk] + 71-[7]‘0] + Z[Wk] + w,[yk] =0

k k
where gy _ 2y (9T amay! (9P
0 0Cy T1+ak P T
s =3 T (A + ¢, 07m) TPV % o IV R(TO 070 TIEY)
oV ovuR

where0 < o <k, v = (Va,V3)1<|a|<k+1, b = (Has Bo)1<|a|<k+1r Vas Vo, Has B € N, a € N?, andR
singular operator in the forfi % R; R, 7% with 6 = (a, + )/2, and

MU = a2 T 9Ty ve I ACARC

1<]a|<k+1 1§|a|§k+1ﬁ
wherev denotes any of its components, . . ., v,, andy andy must be such that
> ol (va +vh) =Y lal(pa + ph) =k + 1, > Wat Vot pa+p) <1
1<]a|<k+1 1<]a|<k+1 lor|=k+1

so that there is at most one derivative(bf+ 1)t order in the produdI(VkH)H,(fH).

J
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Higher order entropy estimates (6)

e Governing equation for v¥! (continued)

The terrrw[yk] Is given by

W,[Yk] T—(1—2%+ak_1—ak)/2 — ZCVHH’(/]{})HEL]C—{-I) 4 Z CV/,LRH(Vk)R(HLk+1))
i VR

(k+1)
m

where we use similar notation fdif,(,k) as forll and the summation extends over

dolalwatvi) =k > lod(pa + ) =k+1

1<|a|<k 1<|a|<k

so thatin particuIaE|a|:k,+1(Ma + u!,) = 0 and there are always at least two factors in the proﬂlf;’éfl)

and the singular operat® is in the formT—YR; R;T% with 0 = (1 + a, — »)/2 and1 < 4, < n. Finally
(%] [%]

the fIUch[f] = (¢51s- -+ Pyn) is in the form
“k—1"%
T = T (CoupuOF A + ¢y 05) TPTED + 37 ¢ i IR (T 050 D)

ovl ovp'RI

J
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Higher order entropy estimates (7)

e Governing equation for 4*!
Fork > 1 and(v,T") smooth solution of the incompressible Navier-Stokes eéqoatve have
[F]

[%] (%]

0™ + 8, (i) + 9, ol + M 4 =M 4 WM = g
where
7T%k] _ 6(1_%)7(%':5{:] L2 4 %%ﬁk]wk“wﬁ)
2 =57 e (Couu 02N + ¢, 00) TEIIED 1 N ¢, mEHITEEY 4 5
ovu ovR

Whel‘eO S o S ]{3, vV = (Va,V&)1§|a|§k+1, n = (Ma7ﬂg)1§|a|§k+11 Vas V&,/,La,,ugé ~ N, A Nn, W|th

T+ — e(1-ak+%)7/2H (80‘7)”‘” H (8“@0)”‘;

1<|a|<k+1  0<|a|<k+1

wherew denotes any of its components, . . . , w,, andy andrv must be such that
Y. lada+vi)= Y lal(pa +uy) =k+1, Y Watvotpatpg) <1
1<|a|<k+1 1<|a|<k+1 |a|=k+1

J
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Higher order entropy estimates (8)

e Governing equation for 7*! (continued)

The non strictly differential termH/(fL;;) are given by

with H,(ﬁ%? = ﬁLkJrl’l)R(e—%T@Ton ﬁ5k+1,k+1—z))

ﬁfﬁ-ﬁ-LD — 6(1_ak+%)% H (8047_):“04 H (aaw)ﬂd;

1<|a|<k+1 0<|e|<k+1

sl — (a0 Bam T (00r) T (07w)"™
1<|a|<k+1  0<|a|<k+1
wherer = (Va, V) 1<|al<kt1s b= (Hay Bo)1<|al<ks L = (tasta)i<|a|<k, 0 < 0 <k, and
D lal(pa +u0) =1 D lalltat+i) =k+1=1 Y Vot Vi+ia+py+iatiy) <1
1<|a|<k+1 1<|a|<k+1 |a|=k+1
for0 <i<k,R=e%R;R;e%",1<4,j <n,with20 = a;, + 3+ (1 — a;,, + 3)/(k + 1) and we have
k]
A A k!
igk] — L<_ — 77)6(1—%)7 Z —w-0%w 0T

|
C Ll
p v =k

J
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Higher order entropy estimates (9)

e Governing equation for ! (continued)
The terrrw,[?k] IS given by

k] —(1—23+a —a, )T k k k)p(k+1)
L et = S, IO+ S T
i VLR

where) ", < o< [l(va +v4) =k X oi<ja<k 1al(ba + po) =k +1,and) 0y (o + 1) = 0. For
the non strictly differential terms

(k+1) _ q(k+1,1 T(k+1,k+1—1
e = MO R(IFHHED)

we have

Y. lelva+vh) =k Y lal(pa tup) =1 Y lal(ta Fi) =k+1-1

1<|a| <k 1<|a| <k 1<|a|<k

anleal:kH(MQ + pl, + 1o +¢,) = 0forsome0 <[ < k and the singular operat® is in the form
T 9R,R; T with1 <i,j <nand2(k+1)0 =2(k+1) — (k+1—1)(1 — a,, + ).
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Higher order entropy estimates (10)

e Quantity x
v
X = [[logT|| garo + Hﬁ”ﬂ” = ||l Baro + Wl 1o

e Conditional entropicity for ~*]

Let k£ > 1 and(v,T") be a smooth solution of the incompressible Navier-Stokes#ans. There exists
positive constant§(k, n) andc(k, n) such that fory < § we have

n

k k
Rn|zg]\dm§cx / W,[Y]dﬂ?

e Sketch of the Proof

The quantitied ™~ *0%\ andT?~*0%n are uniformly bounded and for small enough the operators
TYR;R;T~? are continuous ovet? and

B Q0k+1T Qak’—l—lv
D < ex™ " (175 =l + 1T == 1)

TG40 g [T o < ex Mot N / ¥ dy

"

with 6 = 1—ak‘F%,C:C(k,n),andNu‘FNu—Q:Zl§|a|§k+1(Va+V&+Ma+M&)—2Z 1

A\ J
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Higher order entropy estimates (11)

e Conditional entropicity for ~*l

Let k£ > 1 and(v,7T") be a smooth solution of the incompressible Navier-Stokesa#ons. There exists
positive constant§(k, n) andc(k, n) such that fory < § we have

(K] (%]
=% \da:ﬁcx/wﬁ dx

mn

R’n
e Sketch of the Proof

Similar proof than for!* and use of weighted interpolation for the estimates

e

_ ot ot
utRo H[P S CXNIH_NL ! (He 2 01{7+17_HL2 + He 2 8k+1w“L2)

with § = 1 — a; + », ¢ = c¢(k, n) so that finally

g e

HRo HL2 < ox ' / ™ e

5

whereN, + N, + N, =2 =37 | yi<ps1Va + Vo + o + 6 +ta +15) =221

J

Entropies d’Ordre Supérieur, Canum, mai 2006



Higher order entropy estimates (12)

e Corollary

Let k£ > 1 be an integer an@, T') be a smooth solution of the incompressible Navier-Stokesions.
There exists positive constari§:, n) ande(k, n) such that fory < o

0, da:—|—(1—cx)/7r[7k]d$§ |w | dx
- n R™
0, Mde +(1—cy) / 77[;] dx < |w[ﬁk]\ dx
- n R™
e Remark
Letting pby, = amin(Al/alFT 1 A A1y andpb, = amax(al /Al Al /A1) we have

2bkz ,y[k‘f‘l] < ﬂ-[wk] T_(ak+1_a’k+%) < 2514: fy[]ﬁ“l]

2[) ~ [k+1] < 7T[ ) —(ap 1 —ap+20)T < 2b ~ [k+1]

e Parallel with heat equation

Letting ¢!¥1 = |9%u|? we haved, [, dz + 2 [,,|02ul* 1 dz =0

J
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Higher order entropy estimates (13)

e Estimates of convective terms

Let k£ > 1 and(v,7T") be a smooth solution of the incompressible Navier-Stokesa#ons. There exists
positive constant§(k, n) andc(k, n) such that fory < § we have

i |W,[Yk]‘ dr < cx SEE{T(1—2%+ak—1—ak)/2} </ 7_{_’[)/14:—1] dm) 2 </ W,[Yk] d$> 2

/n‘w%k]‘ dz < cx Sﬁg{eu—zwak_l—ak)f/z} (/nw[ﬁk—u dx) 3 </nﬂ_[ak:] dm) 3

e Estimates for~[® and 710

Let0 < a, < 1thenyl’l = 5[0 > 0 and there exists constarfis > 0, b}, andc such that fory < &,

(9,5/ W[O]daﬂ—b&/ wgo]dmgo

(’9,5/ 1V dz + (b — cx)/ W%O] dz <0

J
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Higher order entropy estimates (14)

e Natural scale of temperature weights
Simplified coefficientsz\&k] =1, andA%’“] =1/r, k>0

Eliminate thesup T'* factors from convective terms estimates
a, = ag + k(1 — 23), k>0

Corresponds to the scale given by the Kinetic Theory sin¢py/rT)(?F) ~ 1/Tk(1-2%)
There exists positive constarit§:, n) andc(k, n) such that fory < o

(9,5/ ~* da + (2b — cx) / T =7y g < cx/ T =7~k dg

n

e Higher order entropy estimates
Let (v,T") be a smooth solution of the incompressible Navier-Stokes#ans. There exists positive
constant$ = min(b,, a/p) anddy(k, n) such that fory < Jy we have

5,t/ (7[O]+7[1]+_”+7[k]> dm+b/ Tl_%(’)/[l]‘|‘7[2]+"'+7[k+1]> dz < 0

J
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Higher order entropy estimates (15)

e Uniform scale of temperature weights

Simplified coefficientsz\&k] =1, andA%’“] = 1/r, k > 0 and simplified temperature exponents

a, = ag, E>0

Control of thesup T* factors from convective terms estimates witk: 0 andT” > T,,;, > 0 and this
requiresl — 23¢ < 0. There exists positive constantg:, n) andc(k, n) such that fory < §

at/ 7[k:] dr + (QQ—CX)/ T%,Y[k:+1] dx Scx/ T%,y[k] dx

n

e Higher order entropy estimates

Let (v, T") be a smooth solution of the incompressible Navier-Stokes#ans. There exists positive
constant$ = min(b,, a/p) andd, (k, n) such that fory < Jy we have

(9t/ <7[0] bl _|_,y[k:]> do +Q/ T <7[1] T2 _|_7[k+1]> dr <0

(9t/ @[0] NI TR _|_;?[k:]> do +Q/ T <§[1] + 2 _|_§[k+1]> dr <0

J
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Higher order entropy estimates (16)

e Condition for entropicity
The quantity
v
X = [[log Tl grro H\/THL 17l Baro + llwllL

Is invariant under various change of scales

The variables- andw can be seen as renomalized variables and also naturakyiafigaxwellian
distribution functions

We have formallyy = O(Ma) for small Mach number flows

J
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Application to asymptotic stability (1)

e Incompressible model with temperature dependent transpdrcoefficients

e Further assumptions
Uniform scale of temperature weights with uniform logamih scaling

The transport coefficients satisfy the natural assumptren by the Kinetic Theory with

1<
— <z
5 =

Flow spanning the whole space and ‘Constant at infinity’
We denote by the combined unknowwx = (v, T") andv__, = (0,7,,) the equilibrium point
We denote by, = R™ x (0, o) the natural domain for the variable wheren > 2.

J
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Application to asymptotic stability (2)

e Local existence

Letn > 2 andl > [n/2] 4 2 be integers and lét > 0 be given. LetD, be an open bounded convex set such
thatOy C Oy, dy with 0 < dy < d(Oyg, 00y,), and defingd; = {v € Oy; d(v,Op) < d; }.

There existg > 0 small enough, which only depend 6h, d;, andb, such that for any, with
Vo — Vool gt < bandvg € Oy, there exists a unique local solution= (v, T') to the equation system with
initial condition
V(0,z) = Vo(x)
such that
V(t,x) € Oy

and
V — Ve € CO([0,7], H'(R™)) nC'([0,2], H'2(R™)) N L*((0,%), HH(R™))

In addition, denoting for shokt(t) = v(t, -), there exist&' (O, d1,b) > 0 such that

t
sup [[V(s) = Voo [ 7 + / IV(5) = VeollFr+1 ds < Cl[Vo = Voo [ 1
0<s<i 0
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Application to asymptotic stability (3)

e Sketch of the Proof

Solutions are fixed pointg = v of the linear system of equationsin= (v, f)

0,(pv) — P(0, (n(T) 0,9)) = P(fu(V,9,V))

9,(pe,T) = 0, (MT) 9,T) = fr(v,0,V)

with f, = =9, (pv@v) + orn(T)0,T-0,v" and fr = =8, (pc,Tv) + 3n(T)d:d. We have the estimates

t t
()~ Ve300 + / 1(5) = Voo Zpus ds < CF exp(Calt-+MiVE)) (Vo —Voo | 2yx +Ch / 1£(5) 21 ds)
0 0

Where01 = Cl (01), 02 = 02(01, M) and

t t
sup [V(s) ~Voellfe 4 [ IVGs) = Veeleon ds <082 [ OV ()]3ms ds < 012
0 0

0<s<t

These a priori estimates for linear equations are obtaigatehving the governing equations, multiplying by
the derivative of the solution, and using the propertieheflteray projectoP. Existence of such solutions
to the linear equations are obtained from a priori estimbyeSalerkin approximations.
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Application to asymptotic stability (4)

e Regularity of the local solution

Assume that for somke > [ we havev, — V., € H*. Then
V=V € CU[0,2], H*(R™)) nC' ([0, 7], H*2(R™)) N L*((0,%), H*T(R™))

In particular,v is smooth wherv, — v, € H*(R") for anyk € N.

e Diffeomorphism F

Denote byF : R" x (0, 00) — R™*! the application defined b (v) = w = (w, 7), that is,
F,T) = (w,7) = (v/VT,logT). ThenF is aC>® diffeomorphism and its jacobian matrix reads

1 1 v
O F — VT — 27T83/2
\Y O l
T

In addition, for anym,, > 0, M, > 0, defining@ = (—My, My )" X (=M, M, ), the corresponding open set

O = F~1(0) is convex.

J
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Application to asymptotic stability (5)

e Transport of the local solution

LetMy > 0, My > 0, Op = (—My, M) X (=M1, M;), Oy = F1(Oy), let0 < dy < d(Oy,dO,), denote
O, ={Vv e Oy; d(v,0) < d; }, and select an arbitray> 0. The local solution built wittO,, d;, andb is
such that

W —Wo € CO([0,2], H'(R™)) nC' ([0, 7], H'*(R™)) N L*((0,%), H(R™))

and there existé’ > 0 which only depend o, d;, andb, such that

t
sup [W(s) — Woo%ye + / IW(S) — Woe |2y ds < Cllwo — Woo 2,
0<s<i 0

Moreover, the kinetic entropy estimators are such IR € C/([0,%], L' (R™)).
e Estimates forw

There exists a constant(7},;,) such that for any: > 0 and anyw with w — w., € H* we have

celw — Weel e < [ F¥ o

"
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Application to asymptotic stability (6)

e Global solutions

Letn > 2 andl > [n/2] 4 2 be integers. Assume that the coefficientsndn are suth that > 1/2. There
existsdr (1, n, Trin) > 0 such that forly andv, satisfyingT i, < infgeTy, 0,-v9 = 0, Vg — Vs € HF,

k€N, and
/ fg] dr < op

there exists a unique global solutien= (v, T') such that

V = Voo, W = We, € C([0,00), H'(R™)) N C* ([0, 00), H'7?(R™))
OV, 0,W € L*((0,00), H'(R™))

and we have the estimates

t
/FW dm+b/ /T”(F[H”—ﬁ[o])dxdtg/ T da
R» 0 JR® n

whereb = min(b,, a/p). Furthermore, this solution is smooth and we have

lim ||V(t,+) — Voo||lfe =0
t—o00
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Application to asymptotic stability (7)

e Sketch of the Proof
We have the inequalities

Co ~
X = ITllBaro + [l e < N7 = Tooll oo + W] fe < col|W — Woo || g0 < / T gy

=T

We set
52 )

(SF - 4_0(2)—F

so that
/ I dz < 6, = x < 6y/2

Higher order entropy estimates yields that

/ ' dg §/ fg] dx
n R’n

Local existence used repeatedly
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