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Time-Harmonic Maxwell’s Equations

For given m, j such that V-m =0=V - j, find (E, H) such that, in €2

( VANE—wuH =—m,
VANH+weE =7,
V-(eF)=0,

V- (uH) =0,

\

with the Boundary Condition on I'j;; U I'ext
— Vel EAnv+ (Ve HAv)Av=Q(| Ve | EAv+ (| Vu| HAV)AV)+g ,

where
Q) = 0 on ekt (ABC) and g involving the incident wave.




Ultra-Weak Variational Formulation (UWVF)
O. CESSENAT - B. DESPRES

Decomposition of the domain: K sub-domains {Q}r=1.. k.

0 = | Sk,
J

vy, = exterior normal to €1

Vkj = normal to X ; from 2 to €2

Ek = €/,

Ekj = | \/EkEj |

exk = | ek |




K
Variational Space: V = H L7 (09,).
k=1

Usual Scalar Product: (X,))y = Z X190, Y00 -

Assumption: ¢ and p constant on each i, (F, H) found such that:

= {F € (H(I‘Ot, Qk) M H(diVO, Qk)), F/@Qk NV € L%(@Qk)}

The unknown of the UWVF: X € V defined by X/9q, = Xi € L7(0%)
and

(Xek)/sn; = VeEri (Bl Avi) + /g (Hi Avi) Avg)




Variational Formulation: Find X € V such that

(va)V_(H'XaFy)V — (bvy)V

for all test function ) € V' defined by

(V) /si, = VEri (B Av) + /i (Hp Ave) A vg)

~

such that (E), H;) € (H(Q, 0Q))? and

VANE, —whpH;, =0, VANH, +wegkE, =0,
Vi (B Av) + /I (Hp, A vg) Avg) € LE(0Q) ,

and with the operators F': V — V and II : V — V defined by
(FY) s, = —VEri (B Avi) + /iwg ((Hy Avg) A vg)

) ys, = Vs > W)ym, = Qs




Galerkin Discretisation
Find X}, € V}, such that V), € V},

(X, Vn)v,, — Xy, FYVn)v, = (b, Yn)v,

Basis Functions Z;,,1 €¢J — A} = ZXZ'ZZ-.
ieJ

Find (X;);es € C#’ such that

(D-C)X =b

ij = 5kj(Zj, Zk)Vh and ij = (HZj, FZk)Vh

Boundary condition included in C' (k = j).




Choice of Z;: On each element (2

fori=1,....p, Zkl/Zk,j :«/5kjE]Z/\Vk+«/,Lij (I‘IIZ/\V]{)/\V]€ :

fori=p+1,.. 2p, Zkl/zk,j :,/5kjE,§l/\Vk+,/,ukj (Hg/\uk)/\yk :

with

EE(X) = /Ty Fruer@Vam VaX) - HE(X) =, /55 FyewVam (VaX)
ES(X) = \/Tig; G e Vo VaX) | HG(X) = i, [G; Gy et VoI (Vi X) |

and
Fkl = El(c)l +ZE2Z N\ Vkl ,

where Egl 1 Vi




Integral Representation
C. HAZARD - M. LENOIR ; J. Liu - J.-M. JIN

Previous ABC on the artificial boundary

—EANv+(HAVv)ANv=—FEygANv+ (HoAv)Av

Ideal Boundary Condition on I'ext

—EANv+(HAV)ANv=—FE°* A Nv+ (H° ANv)Av—FEgAv+ (HyAv)Av

On Dext, (E°, H?) given by the Stratton-Chu formulae

v, A / G (2. ) ime(y) A E(y) dry(y)
IWin‘c

1
_ 1y avoa / G(z,y) ving (y) A H(y) dy(y)
int

(20,







The new discret system
(D-C-C)X=b, C=C1+Cy+C35+Cy |

with, for:=1,...,4, Vk,I
~ 1
C; X :/ Si(Xh) -
( n )kl ext TR (Xn)

(—/Erk By A vie + /B (Hpy A vi) Avi) dyext

Qy) +1
roe 24/ 0(y)

G(z,y) (X(y) Av(y)) dy(y)

Qy) +1
S RVATICT)

VoV, Gz, y)(X(y) Av(y)) dv(y)> Av(z),




Qy) —
51(X))(z) = (-— )
( ( Fint 2

yG(T,y) AN X(y) dv(y)> Av(z)

For instance

1 Q; —1
' _ Vy,G(z,y) A Zim(y)d Av(z

- Zri(x) dy(x) .




Numerical solution of (D — C — C)X =b

Two ways:
e In the same way as previously with C «— C' + C

e Another way: Iterative relaxed Jacobi method
XM x4 (1— oz)X<”_1)

with X (™) given by

(D-C)X™ =p+ XD




The matrix C

e Black block: C

sparse
2

of length &3 or K




The matrix C + C

e Black block: C

sparse

of length 3 or k?

~

e Blue block: C

dense

2 2

of size K“ X K




Algorithmic Complexity (1/2)

p = # of directions for the basis functions and k = wavenumber

Method Number of elements | Cost of the solution
UWVF K3 K3 p?
UWVEF+IE % K2p? + K*p?

Use of a FMM to reduce the cost related to the integral representation




FMM expansion

X5 o = X1 — X2 ri = T; — X

2
\XZ\ r=ry—ro lr| < |rof

(

\

ezm|x1—a}2| 1 S

G(z1,22) = D W €T T (5,) €T

47T|£C1 —CIZQ| p:1

L
(21 +
Top(s) =3 0 ¢ 4D (sfrol) Pi(cos(s, 7o)

[=0

d = diameter of the boxes
L ~ kd (Truncation parameter of the Gegenbauer Series)

S ~ L? (Discretization of the unit sphere in the Funck-Hecke Formula)
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Algorithmic Complexity (2/2)

p = # of directions for the basis functions and k = wavenumber

Method

Number of elements

Cost of the solution

UWVF

/{3])2

UWVFEFH1E

/£2p2 1 /{4])2

UWVF+IE+1LFMM

/{}2p2 € /<;3p

UWVF+IE+MLEFMM

k2p? + k% In(k)p




Case of the unit sphere ; kK = 4 ; wavelength = \ = %

Artificial boundary at different distances (4 ;2 ;1 ;0.75; 0.5 ; 0.25 m).

Name 5400 5200 S100 SO075 S050 S025
Radius in m 5 3 2 1.75 1.5 1.25

Dist. between

~2\/3 | =A/2 | =A3 | =6
[int and Dext

Num. of

40609 30133 21083 11008
tetrahedra

Num. of basis

fcts per 8 to 128 10 to 32 | 10 to 30

tetrahedron

Num. of DoF 880200 | 508450 | 753616 | 536874 | 356666 | 178146




Classical UWVF with different meshes - EM polarisation

RCS Sphere EM with classic UWVF — a

RCS Sphere EM with classic UWVF — b
T T T

T T T

T
— Mie Series solution
oo UWVF with S400
|| = = UWVF with S200
= UWVF with S100

T
— Mie Series solution
o UWVF with S075
|| = = UWVF with S050
= UWVF with S025
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Normalized RCS




UWVF+IE+1LFMM with different meshes - EM polarisation

RCS Sphere EM with UWVF+IR+FMM — a
T T T

RCS Sphere EM with UWVF+IR+FMM - b

T T T

T
— Mie Series solution
= = UWVF+IR+FMM with S200
|+ =+ UWVF+IR+FMM with S100

T
— Mie Series solution
v UWVF+IR+FMM with S075
|| = = UWVF+IR+FMM with S050
= UWVF+IR+FMM with S025
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Normalized RCS




With different meshes - TM polarisation

RCS Sphere TM with classic UWVF
T T T

RCS Sphere TM with UWVF+IR+FMM
T T T

T
— Mie Series solution
v UWVF with S400
= = UWVF with S200
= UWVF with S100

T
- Mie Series solution
v UWVF+HIR+FMM with SO75
= = UWVF+IR+FMM with SO050
= UWVF+IR+FMM with S025
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Computational costs with UWVF (S400) and UWVF+IE4+FMM
(S025)




Particularities of UWVF+IE4+FMM:
e Integral Representation with no singularity

e Possibility of a FMM with no close interaction

— No increase of the cost when local refinements

To be studied:
e Use of a MLFMM

e A double mesh on I'j;t U 'ext




