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Time-Harmonic Maxwell’s Equations

For given m, j such that ∇ ·m = 0 = ∇ · j, find (E, H) such that, in Ω





∇∧ E − ıωµH = −m ,

∇∧H + ıωεE = j ,

∇ · (εE) = 0 ,

∇ · (µH) = 0 ,

with the Boundary Condition on Γint ∪ Γext

− |
√

ε | E ∧ ν + (| √µ | H ∧ ν)∧ ν = Q(|
√

ε | E ∧ ν + (| √µ | H ∧ ν)∧ ν) + g ,

where

Q = 0 on Γext (ABC) and g involving the incident wave.



Ultra-Weak Variational Formulation (UWVF)

O. Cessenat - B. Després

Decomposition of the domain: K sub-domains {Ωk}k=1,...,K .
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∂Ωk =
⋃

j

Σk,j

νk = exterior normal to Ωk

νkj = normal to Σk,j from Ωk to Ωj

εk = ε/Ωk

εkj = | √εkεj |
εkk = | εk |



Variational Space: V =
K∏

k=1

L2
t (∂Ωk).

Usual Scalar Product: (X ,Y)V =
∑

k

∫

∂Ωk

X/∂Ωk
Y/∂Ωk

.

Assumption: ε and µ constant on each Ωk, (E, H) found such that:

Ek, Hk ∈ H̃(Ωk, ∂Ωk)

= {F ∈ (H(rot, Ωk) ∩H(div0, Ωk)); F/∂Ωk
∧ νk ∈ L2

t (∂Ωk)}

The unknown of the UWVF: X ∈ V defined by X/∂Ωk
= Xk ∈ L2

t (∂Ωk)

and

(Xk)/Σk,j
=
√

εkj(Ek ∧ νk) +
√

µkj((Hk ∧ νk) ∧ νk)



Variational Formulation: Find X ∈ V such that

(X ,Y)V − (ΠX , FY)V = (b,Y)V

for all test function Y ∈ V defined by

(Yk)/Σk,j
=
√

εkj(E
′
k ∧ νk) +

√
µkj((H

′
k ∧ νk) ∧ νk)

such that (E′
k, H ′

k) ∈ (H̃(Ωk, ∂Ωk))2 and



∇∧ E′

k − ıωµkH ′
k = 0 , ∇∧H ′

k + ıωεkE′
k = 0 ,

√
εkj(E

′
k ∧ νk) +

√
µkj((H

′
k ∧ νk) ∧ νk) ∈ L2

t (∂Ωk) ,

and with the operators F : V → V and Π : V → V defined by

(FY)/Σk,j
= −√εkj(E

′
k ∧ νk) +

√
µkj((H

′
k ∧ νk) ∧ νk)

(ΠY)/Σk,j
= Y/Σj,k

, (ΠY)/Σk,k
= QY/Σk,k



Galerkin Discretisation

Find Xh ∈ Vh such that ∀Yh ∈ Vh

(Xh,Yh)Vh
− (ΠXh, FYh)Vh

= (b,Yh)Vh

Basis Functions Zi, i ∈ J → Xh =
∑

i∈J

XiZi.

Find (Xi)i∈J ∈ C
#J such that

(D − C)X = b

with

Dkj = δkj(Zj , Zk)Vh
and Ckj = (ΠZj , FZk)Vh

Boundary condition included in C (k = j).



Choice of Zi: On each element Ωk

for l = 1, ..., p , Zkl/Σk,j
=
√

εkj EF
kl ∧ νk +

√
µkj (HF

kl ∧ νk) ∧ νk ,

for l = p + 1, ..., 2p , Zkl/Σk,j
=
√

εkj EG
kl ∧ νk +

√
µkj (HG

kl ∧ νk) ∧ νk ,

with

EF
kl(X) =

√
µkj Fkl e

ı ω
√

εk µk (Vkl·X) , HF
kl(X) = ı

√
εkj Fkl e

ı ω
√

εk µk (Vkl·X) ,

EG
kl(X) =

√
µkj Gkl eı ω

√
εk µk (Vkl·X) , HG

kl(X) = −ı
√

εkj Gkl eı ω
√

εk µk (Vkl·X) .

and

Fkl = E0
kl + ı E0

kl ∧ Vkl , Gkl = E0
kl − ı E0

kl ∧ Vkl .

where E0
kl ⊥ Vkl



Integral Representation

C. Hazard - M. Lenoir ; J. Liu - J.-M. Jin

Previous ABC on the artificial boundary

−E ∧ ν + (H ∧ ν) ∧ ν = −E0 ∧ ν + (H0 ∧ ν) ∧ ν

Ideal Boundary Condition on Γext

−E ∧ ν + (H ∧ ν) ∧ ν = −Es ∧ ν + (Hs ∧ ν) ∧ ν −E0 ∧ ν + (H0 ∧ ν) ∧ ν

On Γext, (Es, Hs) given by the Stratton-Chu formulae

Es(x) = ∇x ∧
∫

Γ
int

G(x, y) νint(y) ∧ E(y) dγ(y)

− 1

ıω
∇x ∧∇x ∧

∫

Γ
int

G(x, y) νint(y) ∧H(y) dγ(y) ,



Hs(x) = ∇x ∧
∫

Γ
int

G(x, y) νint(y) ∧H(y) dγ(y)

+
1

ıω
∇x ∧∇x ∧

∫

Γ
int

G(x, y) νint(y) ∧ E(y) dγ(y) ,

On Γint

ν ∧ E =
Q− 1

2
√

εkk
X and ν ∧H =

Q + 1

2
√

µkk
X ∧ ν

That is

νint ∧ E = − Q− 1

2
√

εkk
X and νint ∧H = − Q + 1

2
√

µkk
X ∧ ν



The new discret system

(D − C − C̃)X = b , C̃ = C̃1 + C̃2 + C̃3 + C̃4 ,

with, for i = 1, ..., 4 , ∀k, l

(C̃i Xh)kl =

∫

Σext
kk

1√
εkk µkk

Si(Xh) ·
(
−√εkk E′

kl ∧ νk +
√

µkk (H ′
kl ∧ νk) ∧ νk

)
dγext .

where

(S2(X ))(x) =
−1

ıω

(
ω2

∫

Γ
int

Q(y) + 1

2
√

µ(y)
G(x, y) (X (y) ∧ ν(y)) dγ(y)

−
∫

Γ
int

Q(y) + 1

2
√

µ(y)
∇x∇t

yG(x, y)(X (y) ∧ ν(y)) dγ(y)

)
∧ ν(x) ,



(S1(X ))(x) =

(
−
∫

Γ
int

Q(y)− 1

2
√

ε(y)
∇yG(x, y) ∧ X (y) dγ(y)

)
∧ ν(x) ,

For instance

(C̃1)
lm
kj =

∫

Σext
kk

1√
εkk µkk

(
−
∫

Σint
jj

Qj − 1

2
√

εjj
∇yG(x, y) ∧ Zjm(y) dγ(y)

)
∧ ν(x)

· Zkl(x) dγ(x) .

with

Zjm(y) =
√

εjj E
F/G
jm ∧ νj +

√
µjj (H

F/G
jm ∧ νj) ∧ νj

Zkl(x) =
(
−√εkk E

F/G
kl ∧ νk +

√
µkk (H

F/G
kl ∧ νk) ∧ νk

)



Numerical solution of (D − C − C̃)X = b

Two ways:

• In the same way as previously with C ←− C + C̃

• Another way: Iterative relaxed Jacobi method

X(n) ←− αX̃(n) + (1− α)X(n−1)

with X̃(n) given by

(D − C)X̃(n) = b + C̃X(n−1)



The matrix C




× · · · ×
...

. . .
. . .

. . .

× . . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . . ×

. . .
. . .

. . .
...

× · · · ×




• Black block: C

sparse

of length κ3 or κ2



The matrix C + C̃
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

• Black block: C

sparse

of length κ3 or κ2

• Blue block: C̃

dense

of size κ2 × κ2



Algorithmic Complexity (1/2)

p = # of directions for the basis functions and κ = wavenumber

Method Number of elements Cost of the solution

UWVF κ3 κ3p2

UWVF+IE κ2 κ2p2 + κ4p2

Use of a FMM to reduce the cost related to the integral representation



FMM expansion

r r

CC

x

x1

2

2
0

r1
X1

2X1 2
r0 = X1 −X2 ri = xi −Xi

r = r1 − r2 |r| < |r0|

G(x1, x2) =
eıκ|x1−x2|

4π|x1 − x2|
≈ 1

4π

S∑

p=1

ωp e
ıκsp·r1 TL,r0

(sp) e
−ıκsp·r2

TL,r0
(s) = ıκ

L∑

l=0

(2l + 1)ıl

4π
h

(1)
l (κ|r0|) Pl(cos(s, r0))





d = diameter of the boxes

L ∼ κd (Truncation parameter of the Gegenbauer Series)

S ∼ L2 (Discretization of the unit sphere in the Funck-Hecke Formula)
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Algorithmic Complexity (2/2)

p = # of directions for the basis functions and κ = wavenumber

Method Number of elements Cost of the solution

UWVF κ3 κ3p2

UWVF+IE κ2 κ2p2 + κ4p2

UWVF+IE+1LFMM κ2 κ2p2 + κ3p

UWVF+IE+MLFMM κ2 κ2p2 + κ2 ln(κ)p



Case of the unit sphere ; κ = 4 ; wavelength = λ = π

2

Artificial boundary at different distances (4 ; 2 ; 1 ; 0.75 ; 0.5 ; 0.25 m).

Name S400 S200 S100 S075 S050 S025

Radius in m 5 3 2 1.75 1.5 1.25

Dist. between

Γint and Γext

≈ 2.6λ ≈ 1.3λ ≈ 2λ/3 ≈ λ/2 ≈ λ/3 ≈ λ/6

Num. of

tetrahedra
16179 14526 40609 30133 21083 11008

Num. of basis

fcts per

tetrahedron

8 to 128 8 to 72 10 to 32 10 to 30 8 to 28 10 to 24

Num. of DoF 880200 508450 753616 536874 356666 178146



Classical UWVF with different meshes - EM polarisation
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UWVF+IE+1LFMM with different meshes - EM polarisation
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With different meshes - TM polarisation
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Computational costs with UWVF (S400) and UWVF+IE+FMM

(S025)

Case T00 T0c T0f TD TC TCc TCf Tcg Nit

S400 322 – – 1.54 4.22 – – 971 162

S025 15.5 394.5 13 0.13 0.4 13.6 10.5 1745 126

Case Ttot mem

S400 1293 4.8

S025 2168 2.1



Particularities of UWVF+IE+FMM:

• Integral Representation with no singularity

• Possibility of a FMM with no close interaction

=⇒ No increase of the cost when local refinements

To be studied:

• Use of a MLFMM

• A double mesh on Γint ∪ Γext


